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Abstract 



A symmetric quiver (Q,o) is a finite quiver without oriented cycles Q = (Qo,Q\) equipped with a con- 
travariant involution a on _o UQ\. The involution allows us to define a nondegenerate bilinear form <,> 
on a representation V of Q. We shall say that V is orthogonal if <, > is symmetric and symplectic if <, > is 
skew-symmetric. Moreover, we define an action of products of classical groups on the space of orthogonal 
representations and on the space of symplectic representations. So we prove that if (<_, (j) is a symmetric 
quiver of tame type then the rings of semi-invariants for this action are spanned by the semi-invariants of 
determinantal type c v and, when matrix defining c v is skew-symmetric, by the Pfaffians pf v . To prove it, 
moreover, we describe the symplectic and orthogonal generic decomposition of a symmetric dimension vector. 

Keywords: Representations of quivers; Invariants; Classical groups; Coxeter functors; Pfaffian; Schur modules; Generic 

decomposition. 

<N 

oo ■ Introduction 

O. 

1^ The symmetric quivers and their orthogonal and symplectic representations have been introduced by Derksen 

and Weyman in [8] to provide a formalization in the quiver setting of some problem related to representations 
of classical groups. Generalizations of quivers and their representations have been defined in a different setting 
by Zubkov in [24] and Shmelkin in [22]. 

The representations of symmetric quivers could be a tool to classify products of flag varieties with finitely 
many orbits under the diagonal action of classical groups. Magyar, Weyman and Zelevinsky in [ 16 1 solved this 
problem for general linear groups using usual quiver setting. 
It would be also interesting to generalize to symmetric quivers the results about virtual representations and 
virtual semi-invariants of quivers given by Igusa, Orr, Todorov and Weyman in ______ . 

The author, in [3], displayed a set of generators of rings of semi-invariants of symmetric quivers of finite type. 

In this paper, the second one extract from his PhD thesis, supervised by Professor Jerzy Weyman, we provide 

similar results for symmetric quivers of tame type. Similar problems, in a different setting, have been studied 

by Lopatin in [ 13|, using ideas from [_4_. 

Analogous results for usual quivers have been obtained independently by Derksen and Weyman in [7 1, Domokos 

and Zubkov in [9] and Schofield and Van den Bergh in [21 ]. 

Let Q = (Qq, Q\ ) be a quiver, where Qq and Q\ are respectively the set of vertices and the set of arrows of Q, 

and let a be an involution on Qq U __•_. The pair (Q, a) is called symmetric quiver. 

Let V be a representation of Q. The involution allows us to define a nondegenerate bilinear form < , > on V. We 

call the pair (V, <, >) symplectic (respectively orthogonal) representation of (Q, a) if <, > is skew-symmetric 

(respectively symmetric). We define SpRep(Q,P) and ORep(Q,P) to be respectively the space of symplectic 

fi -dimensional representations and the space of orthogonal /3 -dimensional representations of (Q, a). Moreover 

we can define an action of a product of classical groups, which we call SSp(Q,f5) in the symplectic case and 



S0(Q,j5) in the orthogonal case, on these space. Let SpSI(Q,f5) and OSI(Q,P) be respectively the ring of 
symplectic semi-invariants and the ring of orthogonal semi-invariants of a symmetric quiver (Q, a). 
Let (Q, a) be a symmetric quiver and V a representation of the underlying quiver Q such that ( dim V, 15 ) = 0, 
where (•, •) is the Euler form of Q. Let 

— >Pi^P Q — >V — >0 

be a projective resolution of V. We define the semi-invariant c := det(HoniQ(d v , •)) of SpSI(Q,f5) and 

OSI(Q,[5) (see [7] and |20|) and, when it is possible, the semi-invariant pf v := Pf(Hom,Q(d , •)) 

Let C + be the Coxeter functor and let V be the duality functor. We will prove in the symmetric case the following 

Theorem 1. Let (Q, (j) be a symmetric quiver of tame type and let f5 be a regular symmetric dimension vector. 
The ring SpSI(Q,/5) is generated by semi-invariants 

(i) c v ifV € Rep(Q) is such that ( dim V, 15) = 0, 

(ii) pf v ifV G Rep(Q) is such that ( dim V, 15 ) = 0, C + V = VV and the almost split sequence — > VV — > Z — > 

V — > has the middle term Z in ORep(Q). 

Theorem 2. Let (Q, <j) be a symmetric quiver of tame type and let f5 be a regular symmetric dimension vector. 
The ring OSI(Q, j3 ) is generated by semi-invariants 

(i) c v ifV G Rep(Q) is such that (dimV,{5) = 0, 

(ii) pf v ifV 6 Rep(Q) is such that ( dim V, 15 ) — 0, C + V — VV and the almost split sequence — > VV — > Z — > 

V — > has the middle term Z in SpRep(Q). 

Differently to the results in [13], our semi-invariants c v and pf v are explicitly related to the representations 
offi. 

The strategy of the proofs is the following. First we set the technique of reflection functors on the symmetric 
quivers. Then we prove that we can reduce Theorems[T]and|2] by this technique, to particular orientations of the 
symmetric quivers. Finally, we check Theorems Q] and [2] for these orientations, first for homogeneous regular 
symmetric dimension vectors ph and then for every other regular symmetric dimension vector. 
In the first section we give general notions and results about usual and symmetric quivers and their representa- 
tions. We state main results [T] and |2] and we recall some results about representations of general linear groups 
and about invariant theory. 

In the second section we adjust to symmetric quivers the technique of reflection functors and we prove general 
results about semi-invariants of symmetric quivers. 

In the third section we check that we can reduce Theorems Q] and |2] to a particular orientation of symmetric 
quivers of tame type. Then, using classical invariant theory and the technique of Schur functors, we prove The- 
orems [T] and |2] for symmetric quivers of tame type with this orientation, restricting us to homogeneous regular 
symmetric dimension vectors. Finally, after having defined and described the symplectic and orthogonal generic 
decomposition of a symmetric dimension vector (for classical definition see remark 2.8 (a) in 1 12 1), we prove 
Theorems [T]and |2] for every other regular symmetric dimension vector. 
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1 Preliminary results 

Throughout the paper k denotes an algebraically closed field of characteristic 0. 



1.1 Representations of quivers 

A quiver g is a pair (go,gi) where go is a set of vertices, Q\ is a set of arrows. For each arrow a G Q\ we 
shall call ta G go the tail of a and ha G go the head of a. Throughout the paper we consider quivers g without 
oriented cycles, i.e. in which there are no paths a\---a n such that ta\ = ha„. 

A representation V of g is a pair {{V (x)} xe Q , {V (a) : V(ta) ^y(/!a)} ae g 1 } where V(x) is a finite dimensional 
vector space for every x G go and V(a) is a linear map for every a G Q\. The dimension vector of V is the vector 
dim(V) := (rfjmV (*))*£&, G N e °. 

For a dimension vector a we define Rep(Q, a) := oG g //om(k a ( ?a ),k a| - /K '') the variety of representations of g 
of dimension a. Moreover we define the action of the group SL(Q, a) = Y\ x€ Q Q SL(a(x)) < ELego GL{a{x)) = 
GL(Q, a) on Rep{Q, a) by g ■ V = {gi m V(a)g-, 1 } aeQl where g = (g x ) x€Qo 6 GL(Q, a) and V e fle/?(g, a). 
A morphism / : V — > W of two representations is a family of linear maps {f(x) :V(x) — > W(x)} xe Q such that 
f(ha)V(a) = W(a)f(ta) for each a <G Q\. Representations and morphisms between representations of a quiver 
Q define respectively the objects and the morphisms of a category, denoted by Rep(Q). We denote the space of 
morphisms from V to W by //omg(V, W) and the space of extensions of V by W by Ext\{y, W). 
Finally we define, for every a,j3 G Z^o, the non symmetric bilinear form on the space Z@° by 

(a,f5)= £ «(x)j3(x)- £ tt(ta)f5(ha), 

xeQ aeQi 

called the Euler form of Q. 

A vertex x G go is said to be a sink (resp. a source) of Qifx = ha (resp. x = ta) for every a G gi connected to 

x. 

Let x G go be a sink (resp. a source) of a quiver g and let {oi, . . . ,0^} be the arrows connected to x. We define 

the quiver c x (Q) as follows 

c*(g)o = go and c x (Q)i = {c x {a)\a G gi} 

where tc x (ai) = hat, hc x (at) — tat for every i G {l,...,k} and tc x (b) = tb, hc x (b) = hb for every b G gi \ 
{ai,...,a^}. Moreover, we can define the reflection c x : lfi° — > Z@° given for a G Z^ by formula 

c x (a)(y) = l "* W , . ,, 1 ^ x 
[ Lf=i«( ffl i) -a(x) otherwise. 

Finally it is known (see J5) and J6|) that for every x G go sink or a source of g we can define respectively the 
functors 

C+ : Rep(Q) -> Rep(c x (Q)) and CJ : /?ep(g) -> Rep(c x (Q)) 

called reflection functors. 

Definition 1.1. Le? Q be a quiver with n vertices without oriented cycles. We choose the numbering (x\,...,X n ) 
of vertices such that ta > ha for every a G Q\. We define 

C + :=Ct---Ct, and C :=CZ---CZ. 

x n xi x\ x n 

The functors C + ,C~ : Rep(Q) — > Rep(Q) are called Coxeter functors. 

One proves that these functors don't depend on the choice of numbering of vertices (see [4| chap. VII 
Lemma 5.8). 

Theorem 1.2 (Auslander-Reiten 1975). Let Q be a quiver without oriented cycles. 

1) For every indecomposable non-projective representation V of Q there is an almost split sequence — > 
C + V ->• X ->• V ->• in Rep(Q). 

2) For every indecomposable non-injective representation VofQ there is an almost split sequence — > V — > 
Z^C-V -^OinRep(Q). 



Proof. See 0, sec. IV. 3 Theorem 3.1. 

Definition 1.3. A quiver Q is called of tame type if the underlying graph of Q is of type A,D or E. 



D 



For all next results we refer to [6]. We also consider C + and C as linear transformations on the space of 
dimension vectors, i.e. if V is a representation of a quiver with dimension a then C^U = dim jC^V). 

Proposition 1.4. Let Q be a quiver of tame type, then the quadratic form qQ : lfi° — > Z defined by 

qQ(a) := Y, a( x ) 2 - Y* a {ta)<x{ha) 

xeQ c,eQ, 

is positive semi-definite and there exists a unique vector h £ N^° such that 7Lh is the radical of qQ. For quivers 
of type A and D the vector h has the following form 



1 



1 



A: 1 



1. 



D 
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Definition 1.5. Let V be an indecomposable representation of Q. 
(i) V is preprojective if and only if(C + )'V ~ Ofor i >> 0. 
(ii) V is preinjective if and only if(C~)'V — Ofor i » 0. 
(Hi) V is regular if and only if (C + )'V ^ for every i £ Z. 
Definition 1.6. Let V be a representation of Q. The linear map 

d : N e ° — > Z 
defined by d( dim V) := (h. dim V) is called defect of V . 

Lemma 1.7. Let V an indecomposable representation of Q. V is preprojective, preinjective or regular if and 
only if the defect ofV is respectively negative, positive or zero. 

The regular representations of Q form an Abelian category Reg(Q). Moreover Reg(Q) is serial, i.e. every 
indecomposable regular representation has only one regular composition series and so it is only determined by 
its regular socle and by its regular length. 

Definition 1.8. A simple regular module E is called homogeneous if and only if dim E = h. 

Proposition 1.9. Let Q be a quiver of tame type. Then there exist at most three C + -orbits A = {e,|/ G 
/ = {0,. ..,«}}, A' = {e\\i e I' = {0,...,v}}, A" = {e"\i £ I" = {0,...,w}}, of dimension vectors of non- 
homogeneous simple regular representations of Q (I, I', I" could be empty). We can assume that C + (e,) = e,+i 
for i £ I (e u+1 = e Q ), C+ {e' t ) = e' i+l for i £ I' (e[, +1 = e' ) and C+ (ef ) = < +1 for i £ I" «. +1 = e ). 

Graphycally we can present A, A' and A" respectively as the polygons 
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Every dimension vector d of a regular representation of Q can be decomposed uniquely as 

d = ph + Y J P,e, + £ M + E V'le'l (2) 

iei iei' iei" 

for some p,Pi,Pf,p'( £ N such that at least one of coefficients in each family {pi\ i £ I}, {p' { \ i £ I'}, {p"\ i £ I"} 

is zero. 

We observe that the category Reg(Q) can be decomposed as direct sum of categories M u with t = ((p,y) £ 

Pi (Ik). In all categories fflf, but at most three of these, there is only one simple object V t which is necessarily 

homogeneous. 

Definition 1.10. (1) We call Ej, Ei and E-' the simple non-homogeneous regular representations respectively of 
dimension a, e\ and e'L 

(2) We call V(m w)> where (<p, \jf) £ Pi(k), the indecomposable regular representation of dimension h. 

(3) We define Eij to be the indecomposable regular representations with socle Ei and dimension £{_< e b where 

ek are vertices of the arc with clockwise orientation <?,■ — — <?y [ n A, without repetitions ofe^. We denote 

Ei := Ej j and similarly we define E^ ■ and E" '-. 

To simplify the notation, sometimes we will consider, without advance notice, / = {1 ,...,« + 1 } (respec- 
tively /' = { 1 , . . . , v + 1 }), identifying Ej, l+ 1 with E{q and E u+ \ ,- with Eqj for every i £ I (respectively E[ v+ j 
with E' i0 and E' v+l t with E' Q . for every i £ I'). 

1.2 Symmetric quivers 

Definition 1.11. A symmetric quiver is a pair (Q, (j) where Q is a quiver (called underlying quiver of (Q, a)) 
and <J is an involution on Qq U Q\ such that 

(i) o(Q ) = Q ando(Q l ) = Q h 

(ii) to{a) = (j(ha) and hcj(a) = <j(ta) for all a £ Q\, 

(Hi) o{a) — a whenever a £ Q\ and o{ta) = ha. 

Let V be a representation of the underlying quiver Q of a symmetric quiver (Q, a). We define the duality 
functor V : Rep(Q) -)■ Rep(Q) such that VV(x) = V(o(x))* for every x £ Q and W(a) = -V(a{a))* for 
every a £ Q\. If / : V — > W is a morphism of representations V,W £ Rep(Q), then V f : VW — > W is defined 
by V/(x) = f(a(x))*, for every x £ Q . We call V selfdual if VV = V. 

Definition 1.12. An orthogonal (resp. symplectic) representation of a symmetric quiver {Q,<j) is a pair (V, < 
V >), where V is a representation of the underlying quiver Q with a nondegenerate symmetric (resp. skew- 
symmetric) scalar product < •, • > on x£ Qo ^M sucn tnat 

(i) the restriction of < •, • > to V (x) xV(y) is ify ^ o(x), 

(ii) <V(a)(v),w > + < v,V(o(a))(w) >=0forallv £ V(ta) and all w £ V(o(a)). 

By properties (i) and (ii) of definition 1 1.1 21 an orthogonal or symplectic representation 
(V,< -, ■ >) of a symmetric quiver is selfdual. 

We shall say that a dimension vector a is symmetric if tt(x) = a(o(x)) for every x £ Qq. Since each orthogonal 
or symplectic representation is selfdual, then dimension vector of an orthogonal (resp. symplectic) representa- 
tion, which we shall call respectively orthogonal and symplectic dimension vector, is symmetric. 

Definition 1.13. An orthogonal (respectively symplectic) representation is called indecomposable orthogonal 
(respectively indecomposable symplectic) if it cannot be expressed as a direct sum of orthogonal (respectively 
symplectic) representations. 



Definition 1.14. A symmetric quiver is said to be of tame representation type if is not of finite representa- 
tion type, but in every dimension vector the indecomposable orthogonal (sytnplectic) representations occur in 
families of dimension < 1. 

Derksen and Weyman classified the symmetric quiver of tame type in [8| 

Proposition 1.15. Let (g, a) be a symmetric tame quiver with Q connected. Then (Q 1 o) is one of the following 
symmetric quivers. 



(I) Of type 



p,0,l . Q 




or Al- - 2 : o 




with arbitrary orientation reversed under O if Q ~ A2 n +\ (n> I). Here O is a reflection with respect to a 
central vertical line (so O fixes two arrows and no vertices). 



(2) Of type 



ro.2 . 



with arbitrary orientation reversed under <J if Q — Ai n -\ (n < I). Here O is a reflection with respect to a 
central vertical line (so O fixes two vertices and no arrows). 



(3) Of type 



,1,1- 



with arbitrary orientation reversed under a if Q = A2„ (n > I). Here <J is a reflection with respect to a 
central vertical line (so O fixes one arrow and one vertex). 



(4) Of type 



TO.O. 



with arbitrary orientation reversed under 6 if Q = A2„+i (n > I). Here <7 is a central symmetry (so <T 
fixes neither arrows nor vertices). 



(5) Of type 



Di>°: o 



with arbitrary orientation reversed under a if Q = Di n (n > 2). Here O is a reflection with respect to a 
central vertical line (so O fixes one arrow and no vertices). 



(6) Of type 



&/ : o 



o o — s- • — s- o o 



with arbitrary orientation reversed under (jifQ — Di n -\ (n > 2). Here (7 is a reflection with respect to a 
central vertical line (so O fixes one vertex and no arrows). 

Proof See 1 8 1, proposition 4.3. □ 

We describe the space of orthogonal (resp. symplectic) representations of a symmetric quiver (Q, a). 
We denote Qq (respectively gf) the set of vertices (respectively arrows) fixed by a. Thus we have partitions 

Qi = Q + x uQ°uQ- 

such that Qq = g(Qq ) and Q\ = a(Q\), satisfying: 

i) Va £ Q\ , either {t a, ha} C Qq or one of the elements in {ta,ha} is in Qq while the other is in Qf } ; 

ii) Vx £ Qq, if a E Q\ with ta = x or ha = x, then a £ Q\ U Q°. 

Definition 1.16. Let (Q,a) be a symmetric quiver. We define a linear map 8 : N^° — >N@° by setting {8a {i)}ieQ '- 
{<x((j(i))}i E Q for every dimension vector a. 

Remark 1.17. (i) Since a is an involution, also 8 is one. 

(ii) IfV is a representation of dimension a then 8a = dim (VV). In particular ifV is an orthogonal or 
symplectic representation of (Q, a) of dimension a, then 8a = a. 

(Hi) If a and /3 are dimension vectors, then 

(a,P) = (5p,8a). (3) 

For next statements, see section 2 in [8 1. Let ORep(Q, a) be the space of orthogonal a-dimensional repre- 
sentations of a symmetric quiver (Q, a); by property (ii) of definition [TTT2] we have 

2 

ORep(Q,a) £ Hom(k< ta \k a ^)® /\(k a ^)*. (4) 

aeQ+ aeQf 

Let SpRep(Q, a) be the space of symplectic a-dimensional representations of a symmetric quiver (Q, a); by 
property (ii) of definition ! 1.121 we have 

SpRe P (Q, a) = Hom{k ai '"\k ai '^) © S 2 (k a(,a) )*. (5) 

aeQ+ aeQf 



By property (i) of definition 1 1.121 the subgroup of SL(Q, a) which stabilizes ORep(Q, a) is 

SO(Q, a) = Y\ SL(a(x)) x ]J SO(a{x)), (6) 

where SO(a(x)) is the group of special orthogonal transformations for the symmetric form < •, • > restricted to 

V(x). 

Assuming that a(x) is even for every x £ Q", by property (i) of definition ! 1.1 21 the subgroup of SL(Q, a) which 

stabilizes SpRep{Q 1 a) is 

SSp(Q,a) = J] SL(a(x)) x J] Sp(a(x)), (7) 

where Sp(oc(x)) is the group of isometric transformations for the skew-symmetric form < •,• > restricted to 

V(x). 

The action of these groups is defined by 

g-V = {g ha V(a)g M l } aeQ + UQ 8 

whereg = (g x )xeQo € SO(Q, a) (respectively g £ SSp(Q, a)) and V £ ORep(Q, a) (respectively in SpRep(Q, a)). 
In particular we can suppose g^M = {g^ 1 )' for every x £ Qq. 

1.3 Semi-invariants of quivers without oriented cycles and main results 

In this section first we define semi-invariants which appear in main results of paper and we describe some 
property of these for any quiver Q; then we state main theorems. 
Let Q be a quiver with n vertices. We denote 

SI(Q,a) = k[Rep(Q,a)} SL{Q ' a ^ 

the ring of semi-invariants of a quiver Q. 

For every g e GL(Q,a) the character Tatgis z(g) —det(g) Zl ■■■det(g) z ", where % — (Xl,---,Xn) € Z" is also 

called weight if T is a weight for some semi-invariant. So the ring SI(Q 7 a) decomposes in graded components 

as 

SI(Q, a) = SI(Q,a) z 

techar(GL{Q,a)) 

where SI(Q,a) t = {fek[Rep(Q,a)]\g-f=T(g)fVgeGL(Q,a)}. 

For every V £ Rep(Q, a), we can construct a projective resolution, called canonical resolution of V: 

^ ® V(r fl ) ®4, ^> v W »pA v ^ (8) 

aeQx xeQo 

where P x is the indecomposable projective associated to vertex x for every x £ Qq (see lfl8l ). t/ v |v(?a)®/> Afl (v® 
e ha) — V{ a ){ v ) ® eha — v ® a and Pv\v(x)®p x ( v ) = v ® e *- Applying the functor Hoi?iq(-,W) to d v for W £ 
Rep(Q,P), we have that the matrix associated to Homg(d v ,W) is square if and only if (o:,j3} = (see l20l 
Lemma 1.2). 

Definition 1.18. For V £ Rep(Q,a) such that (a,j8) = 0, where j3 £ W, we define 

c v :Rep{Q,fl) — ► k 

W i — > c v (W)=det{Hom Q (d v ,W)). 

These are semi-invariants of weight (a,-), called Schofield semi-invariants (see FW] Lemma 1.4). 



Remark 1.19. (i) If 

is another projective resolution ofV and (a, j3) =0, than 



O^Pi-^Po^V^O 



det(HoniQ((p,-)) — k- det(HoniQ(d , •)) 

for some k € k (see H20V lemma 1.2). So any projective resolution ofV can be used to calculate c v (see 
H20\l ). Moreover if P is a projective representation, then c p = 0. 

(ii) If (dimV,dimW) = 0, then c v (W) = if and only ifHom Q (V,W) ^ (see E!H). 

Now we formulate the result of Derksen and Weyman about the set of generators of the ring of semi- 
invariants of a quiver without oriented cycles Q. 

Theorem 1.20 (Derksen-Weyman). Let Q be a quiver without oriented cycles and let /3 be a dimension vector. 
The ring SI (Q,P) is spanned by semi-invariants of the form c v of weight (dim (V) , •), for which ( dim (V),$) = 0. 

Proof. See Q Theorem 1. □ 

We give some property of Schofield semi-invariants. 

Lemma 1.21. Suppose that V', V, V" and W are representations of Q, that ( dim ( V) , dim (W) ) = and that 
there are exact sequences 

-)• V' ->• V -> V" -¥ 

then 

(i) If{dim(y'),dim(W)) < 0, then c v (W) = 

(ii) If{dim(V'),dim(W)) = 0, then c v (W) = c v ' (W)c v "(W). 

Proof. See Q Lemma 1. □ 

We recall definition and properties of the Pfaffian of a skew-symmetric matrix. 
Let A = (ajj)i<ij<2n be a skew-symmetric 2n x 2n matrix. Given 2« vectors x\,... 7 X2 n in k 2 ", we define 

F A (xi,...,X2n)= £ Sgll( IJ { Z \ l f n )Y\{x s (2i-\),X.s(2i)), 

'1<J1,-M<M 1=1 

where sgn(-) is the sign of the permutation and (•, •) is the skew-symmetric bilinear form associated to A. So 
Fa is a skew-symmetric multilinear function of X\, . . . ,X2„. Since, up to a scalar, the only one skew-symmetric 
multilinear function of 2n vectors in k 2 " is the determinant, there is a complex number pf(A), called Pfaffian of 
A, such that 

F A (xi, . . . ,x 2n ) = pf(A)det[x\ , . . . ,x 2n ] 

where [xi , . . . ,X2n] is the matrix which has the vector x, for /-th column. In particular we note that 



pf( A ) = E s s n 



'1 </l, ■■■,in<jn 



1 2 ... 2n-l In 

h h ■■■ '" J" 



fl ll71 "' a injn- 



Proposition 1.22. Let A be a skew-symmetric 2n x 2n matrix, 
(i) For every invertible 2n x 2n matrix B, 

pf(BAB t )=det(B)pf(A); 



(ii) det(A)=pf(A) 2 . 
Proof. See El, chap. 5 sec. 3.6. □ 

Let 

— >Pi^Hp — >V — > 

be the minimal projective resolution of V € Rep(Q, a) and let j5 be a dimension vector such that (a, j8) = 0, we 
will prove (Lemma [3.1b that, under some hypothesis, Homg(d^ nin ,-) is skew-symmetric on Rep(Q,f5), so we 
can define 

pf v :Rep(Q,P) — ► k 

W »— ► p/ v (W) = Pf(Hom Q (dl in , W)). 

In this work we describe a set of generators of the rings of semi-invariants of symmetric quivers of tame type. 
Let a be a dimension vector of an orthogonal or symplectic representation, we denote 

OSI(Q, a) := k[ORep(Q, a)] soiQ ^ and SpSI(Q, a) := k[S P Rep(Q, a)] S5 P(2.«) 

respectively the ring of orthogonal semi-invariants and the ring of symplectic semi-invariants of a symmetric 

quiver (Q, a). 

We state the main theorems 

Theorem 1.23. Let (Q, (j) be a symmetric quiver of tame type and let j3 be a regular symmetric dimension 
vector. The ring SpSI(Q,f5) is generated by semi-invariants 

(i) c v ifV £ Rep(Q) is such that (dimV.d) = 0, 

(ii) pf v ifV G Rep(Q) is such that ( dim V. ]3 ) = 0, C + V = VV and the almost split sequence — > VV — > Z — > 

V — > has the middle term Z in ORep(Q). 

Theorem 1.24. Let (Q, a) be a symmetric quiver of tame type let p be a regular symmetric dimension vector. 
The ring OSI(Q, /3 ) is generated by semi-invariants 

(i) c v ifV £ Rep(Q) is such that (dimV,j3) = 0, 

(ii) pf v ifV 6 Rep(Q) is such that ( dim V. j3 } = 0, C + V = VV and the almost split sequence — > VV — > Z — > 

V — > has the middle term Z in SpRep(Q). 

In section 3.1, we prove theorems 11.231 and 11.241 for j3 = ph; in section 3.2, for any regular symmetric 
dimension vector j3 . 

Definition 1.25. Let (Q, c) be a symmetric quiver. We will say that V € Rep(Q) satisfies property (Op) if 

(i) v = c-vv 

(ii) the almost split sequence — » VV — > Z — > V — > has the middle term Z in ORep(Q). 
Similarly we will say that V E Rep(Q) satisfies property (Spp) if 

(i) v = c-vv 

(ii) the almost split sequence —5- VV — > Z — > V — 5- has the middle term Z in SpRep(Q). 
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1.4 Invariant theory and Schur modules 

Let G be an algebraic group, V a rational representation of G and k[V] the algebra of regular functions of V. 
If 3^(G) is the set of characters of G, then the ring of the semi-invariants of G on V is defined by 

SI(G,V) = SI(G,V) % 

XeS(G) 

where SI(G,V) Z — {/ <G k[V]\g ■ f — x(g)f> Yg £ G} is called weight space of weight %. The following lemma 
describes SI(G,V) in the case when G has an open orbit on V. 

Lemma 1.26 (Sato-Kimura). Let G be a connected linear algebraic group and V a rational representation of 
G. We suppose that the action of G on V has an open orbit. Then SI(G,V) is a polynomial k-algebra and 
the weights of the generators of SI(G,V) are linearly independent in i£"(G). Moreover, the dimensions of the 
spaces SI(G,V) X are or 1. 

Proof. See ||23ll , sect. 4, Lemma 4 and Proposition 5. □ 

Let G = GL„(k) be the general linear group over k. There exists an isomorphism Z = 3£{G) which sends 
an element a of Z in (det)" (where det associates to g EG its determinant). We identify G with the group GL(V) 
of linear automorphisms of a vector space V of dimension n. So we have 

SI(G,V)=k[V] SL{v l 

Let T and 5£(T) respectively be the maximal torus in G (i.e. the group of diagonal matrices) and the set of 
characters of T. The irreducible rational representations of G are parametrized by the set 

jr+(r) = {A = (A 1 ,...,A„)eZ"|A 1 >...>A„} 

of the integral dominant weights for GL„(k). The irreducible rational representations S^V of G = GL„(k) 
corresponding to the dominant weight A G JT + (T) are called Schur modules. In the case when A„ > (i.e. A is 

a partition of Ai -\ \- X„), a description of S^V is given in [ 1 1 and 0171 . For every A € 3^ + (T), we can define 

SxV as follows 

n 

s { x u ... x) v = s {Xl _ Xi v-i-A^sCAtO®*"- 

Let A = (Ai,... ,A„) be a partition of |A| := X\ -\ hA„. We call height of A, denoted by ht(X), the number k 

of nonzero components of A and we denote the transpose of A by A'. 

Theorem 1.27 (Properties of Schur modules). Let V be vector space of dimension n and A be an integral 
dominant weight. 

(i) SiV =0<&ht(X) >0. 

n 

(ii) dimSxV = 1 •<=>• A = (k, . . . ,k) for some n£Z. 

< m ) ( S (M X,) V T -S(h X n )V* =5(-^,..,-A,) y - 

Proof. See Theorem 6.3 in IflOt □ 

Theorem 1.28 (Cauchy formulas). Let V and W be two finite dimensional vector spaces. Then 

(i) As representations of GL(V) x GLiW), 

S d (V®W) = ® lM = d S x V®S x W and /\ d (V®W) = ® w=d S x V ®S A ,W. 
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(ii) As representations of GL{V\ 

Sd(S 2 (V)) = ® w=d S 2l V and S d (A 2 (V)) = ® W=d S 2 ^V, 
where 2X = (2X[ , . . . , 2Aj) ifX = {X\ , . . . , Aj). 
Proof. See ifTTIl chap. 9 sec. 6.3 and sec 8.4, chap 11 sec. 4.5. □ 

The decomposition of tensor product of Schur modules is 

V 

where the coefficients cY are called Little wood-Richardson coefficients. 

There exists a combinatorial formula to calculate cX , called Littlewood-Richardson rule (see in [17| chap. 12 

sec. 5.3). 

Finally we state other two results on Schur modules and invariant theory. 

Proposition 1.29. Let V be a vector space of dimension n. 

(S X V) SL ^^0 <=* X = (k") 

for some k and in this case SiV, and so also (S X V) ^ \ have dimension one. 

Proof. See Corollary p. 388 in Q7J. □ 

Proposition 1.30. Let V be a vector space of dimension n and let X and fi be two integral dominant weights. 
Then 

S X V <g) SpV / ^=> Xi - X i+ i = Hn-i - Hn-i+i 

for every i G { 1 , . . . , n — 1 } and in this case the semi-invariant is unique (up to a non zero scalar) and has weight 

^1 + fJ-n = ^2 + Mn-l =■•• =Xn + H\. 

Proof It is a Corollary of (7.11) in [15| chap. 1 sec. 5. □ 

Proposition 1.31. Let V be an orthogonal space of dimension n and let W be a symplectic space of dimension 
In. 



dim (S^OiV) = { I l^-^ + (*") and dun (S X W)^ = { 



1 if X=2» + (k") _, ^ , c . unSp(w) _ / 1 if X = Hi' 

otherwise 



for some partition jj. and for some k £N. 

Proof. See [17] chap. 11 corollaries 5.2.1 and 5.2.2. □ 

2 Reflection functors and semi-invariants of symmetric quivers 
2.1 Reflection functors for symmetric quivers 

We adjust the technique of reflection functors to symmetric quivers. See [3 1 section 2. 1 for the proofs of results 
of this paragraph. 

Definition 2.1. Let (Q,<J) be a symmetric quiver. A sink (resp. a source) x £ Qq is called admissible if there 
are no arrows connecting x and <j(x). 

By definition of a, x is an admissible sink (resp. a source) if and only if a(x) is an admissible source (resp. 
a sink). We call (x,<j(x)) the admissible sink-source pair. So we can define Ci x< ji x )) '■— c a < x \c x . Moreover we 
can prove that {cr x a(x))Qi c7 ) i s a symmetric quiver (see Lemma 2.2 in Q). 

12 



Definition 2.2. Let (Q, a) be a symmetric quiver. A sequence x\ , . . . ,x m S Qq is an admissible sequence of sinks 
(or sources) for admissible sink-source pairs ifx{ + \ is an admissible sink ( resp. source) in ci x . a(x-)\ ' ' ' c (xi a(xi))(Q) 
for i= 1, ... ,m — 1. 

The underlying graph of D is a tree, so by Proposition 2.4 in [3|, applying a composition of reflections at 
admissible sink-source pairs, from any orientation of D we can get the following orientation 



D eq 



(9) 



o o. 

Definition 2.3. We will say that a symmetric quiver is of type (s,t,k,l) if 

(i) it is of type A, 

(ii) \Q$\=S(md\Qg\=t, 

(Hi) it has k counterclockwise arrows and I clockwise arrows in Q\ U Q\ ■ 

By Proposition 1 1.151 s,t € {0, 1 , 2} and if either s or t are not zero, then s + t = 2. Moreover, by symmetry, 
we note that k and / have to be even. 

One proves, restricting to subquivers of type A, by a simple combinatorial argument the following (for further 
details, see Proposition 1.3.8 in [2|) 

Proposition 2.4. Let (Q,o) be a symmetric quiver of type A such that Q is without oriented cycles. Then there is 
an admissible sequence of 'sinks x\, ...,X S of Q for admissible sink-source pairs such thatci xa i x \\ ■ ■ -Ci Xs c!(x s ))Q 
is one of the quivers: 

(1) 



72,0,1 



if(Q,a) is of type (2,0,k,l); 



(2) 



T2,0,2 

-*-° ° r A U 



{0,2. 

hi ■ 






if(Q,a) is of type (0,2, k,l); 



(3) 



I 1 ' 1 



if{Q,°) is of type (1,1,^,/); 
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(4) 



70,0. 

A k,k ■ 



o o 

A A 



if(Q,a)ifoftype(0,0,k,k). 

Let (<2,(7) be a symmetric quiver and (x,o(x)) a sink-source admissible pair. For every V £ Rep{Q), we 
define the reflection functors 

C, + „, «V := C, ,C+V and CT „, »V := C~Ct > V. 

Proposition 2.5. Let (Q, (j) and (Q' , a) be two symmetric quivers with the same underlying graph. We suppose 
that Q' — c (x m ,a(x m )) ' ' ' c (x l .a(x l )){Q) f or some admissible sequence of sinks xi, . . . ,x m G Qq for admissible sink- 
source pairs and let V' = CJ , ,, • • • Cf , H V£ Rep(Q'). Then 

' (x m: a(x m )) (XY,a(xi)) r^ > 

v = c~vv <&v' = c~vv'. 

Proof See Corollary 2.6 in 0. D 

Proposition 2.6. Let {Q 1 o) be a symmetric quiver and let x be an admissible sink. Then V is an orthogo- 
nal (resp. symplectic) representation of (Q,CJ) if and only if ' C7 , yV is an orthogonal (resp. symplectic) 

representation of (ct xa t x \\Q,(j). Similarly for C7 , -,-, ifx is an admissible source. 

Proof See Proposition 2.7 in Q. D 

2.2 Orthogonal and symplectic semi-invariants 

If W is a vector space of dimension n, we denote Gr(r,W) the set of all decomposable tensors w\ A . . . A w r , 
with w\ , . . . , w r € W, inside /\' W. 

Lemma 2.7. Ifx is an admissible sink or source for a symmetric quiver (Q,<j) and CC is a dimension vector 
such that ct xa t x \\(x{x) > 0, then 

i) ifc/ xa t x \\Cc(x) > 0, then there exist isomorphisms 

SpSI(Q, a) — > SpSI(c (Xta{x)) Q,c {Xt(y{x)) a) and OSI(Q, a) — > OSI{c {xa{x)) Q,c {x(j{x)) a)\ 
ii) if Cf xa / x \\Cc(x) = 0, then there exist isomorphisms 

<!>i 'a <Pxa 

SpSI(Q,a) -^SpSI{c {xxj{x)) Q,c ixa{x)) a)[y} and OSI{Q,a) — J> OSI(c {xa{x)) Q,c {xxj{x)) a)[y] 



where R[y] denotes a polynomial ring with coefficients in R. 

Proof. See 0, Lemma 2.8 □ 

In next section we will see that for tame type (p x p a and (p xa send c v to c (*.<*(*)) (propositions [33] and [331 . 
We recall that, by definition, symplectic groups or orthogonal groups act on the spaces which are defined on the 
vertices in Q° , so we have 
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Definition 2.8. Let V be a representation of the underlying quiver Q with dim V — a such that (ot, j8) =0 
for some symmetric dimension vector j3. The weight of c v on SpRep(Q,j5) (respectively on ORep(Q,j5)) is 

e *.«W~\0 otherwise. (1U) 

We shall say that a weight is symmetric if %{i) = — x(cr(i)) for every i G Qq. 
Remark 2.9. Let (Q, a) be a symmetric quiver and V G Rep(Q, a). We note that 

(dim(C-VV),-)(i) = -(a,-)(a(i)) 
for every i G Qq. So, ifC~W — V then % — (a, •) is a symmetric weight. 

Lemma 2.10. Let (Q, a) be a symmetric quiver. For every representation V of the underlying quiver Q and for 
every orthogonal or symplectic representation W such that ( dim (V) , dim (W)) — 0, we have 

c v (W)=c c ' vv (W). 
Proof, Seed, Corollary 2.16. □ 

We conclude this section with two lemma which will be useful later. 
Lemma 2.11. Let 



02, a) : '■■ y^xXz :'■' a(z) ^o(x)X a(y) 



be a symmetric quiver. Assume there exist only two arrows in Qj incident to x G Qq , a: y —> x and b : x — » z 

with y,z G Qq U Qq. Let V be an orthogonal or symplectic representation with symmetric dimension vector 

(0Cj)i£Q a = CC such that tt x > max{cCy,CC z }. 

We define the symmetric quiver Q' — ((Qq,Q[), o) with n — 2 vertices such that Qq — Qo\ {x, <j{x)} and Q\ = 

Q\ \ {a,b, o(a),o{b)} U {ba, <j(a)(j(b)} and let a' be the dimension ofV restricted to Q'. 

We have: 

(Sp) Assume V symplectic. Then 

(a) if Ox > max{(Xy, a z } then SpSI(Q, a) = SpSI(Q', a'), 

(b) if a x = a y > a z then SpSI(Q, a) = SpSI{Q', a') [detV(a)}, 
(b') if Ox = a- > Oy then SpSI{Q, a) = SpSI(Q', a')[detV(b)}, 

(c) if Ok = (Xy = a z then SpSI(Q,a) = SpSI{Q' ,a')[detV(a),detV(b)]. 

(O) Assume V orthogonal. Then 

(a) if a x > max{<Xy, a z } then OSI(Q, a) = OSI(Q', a'), 

(b) iftXx = a y > a z then OSI(Q,a) = OSI(Q',a')[detV(a)}, 
(b') if Ok = a- > Oy then OSI(Q, a) = OSI(Q', a')[detV(b)], 

(cj if Ok = a y = a z then OSI{Q, a) = OSI(Q', a / )[detV(a),detV(b)}. 

Proof. See [3|, Lemma 2.17. □ 

Similarly one proves the following 

15 



Lemma 2.12. Let 



OB, a): :.y^ x J^o( x ) a -^o(y)' 



be a symmetric quiver with n vertices such that there exist only two arrows a and b incident to the vertex x in 
Qq and b is fixed by O. Let V be an orthogonal or symplectic representation of (Q, a) with dim (V) — a such 
that a x > Oy. Moreover we define the symmetric quiver (Q',<j) — ((Q[),Q[),cr) with n — 2 vertices such that 
Q' = Qo\ {x, o(x)} and Q\ =Qi\ {a,b, a {a)} U {a(a)ba}. 
Let a 1 be the dimension ofV restricted to Q'. 

(Sp) IfV is symplectic, then 

(i) a x > a,. =^> SpSI(Q, a) = SpSI(Q', a') [detV{b)\ 
(ii) a x = oty =» SpSI(Q, a) = SpSI{Q', a')[detV(a)]. 

(0) IfV is orthogonal, then 

(i) a x > (Xy and a x is even => OSI(Q, a) = OSI(Q', a')[pfV{b)} 
(ii) a x = Oy=^ OSI{Q, a) = OSI(Q', a')[detV(a)]. 

3 Semi-invariants of symmetric quivers of tame type 

In this section we prove theorems 11.231 and 11.241 for the symmetric quivers of tame type. We recall that the 
underlying quiver of a symmetric quiver of tame type is either A or D as in Proposition [TTT5] As done for the 
finite case in Q, we again reduce the proof to particular orientations (orientations in Proposition 12.41 for A and 
orientation of D eq for D). 
We start with some result which will be useful later. 

Lemma 3.1. Let (Q,CJ) be a symmetric quiver of tame type. Let dj nin be the matrix of the minimal projective 
presentation ofV G Rep(Q, a) and let j3 be a symmetric dimension vector such that (d£, jS) = 0. Then 

(1) Homg(d^ lilV -) is skew-symmetric on SpRep(Q,f5) if and only if V satisfies property (Op); 

(2) Hom,Q(d v mijV •) is skew-symmetric on ORep(Q 1 fi) if and only ifV satisfies property (Spp). 

Proof. First we note, by Auslander-Reiten quiver of Q, that if (Q, a) is a symmetric quiver of tame type, then 
the only representations V G Rep(Q) such that C VV = V are regular ones. 

We prove (1) only for symmetric quivers (Q,a) of type (l,l,k,l) (see Definition ^. 3b . because for (2) and the 
other cases one proceeds similarly (for the details for symmetric quiver of type D n ' , see Lemma 1 .4.6 in 1 2 1). 
We call (Q',<j) the symmetric quiver with the same underlying graph of (Q,cr) and with orientation as in 
Proposition 12.41 By Proposition [24] there exists a sequence Xi,... ,x m of admissible sink for admissible sink- 
source pairs such that c {x ^ a{Xm) yc {xu(s{x{)) Q = Q'. We call V' := C+ m a{xm)) ■■■C+ a{xi)) V for every V G 

Rep(Q) and if a = dimV, then a' ■ = C( Xm a(x m )) '" c (xi,a(x[)) a - We note that, by Proposition ^. 5l and Proposition 
12.61 V satisfies property (Op) (respectively property (Spp)) if and only if V' satisfies property (Op) (respectively 
property (Spp)). 
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We consider the following labelling for Q' = AJ, : 



v i • a(v i ) 
2 if \ 2 



(ID 



v>t 



"4 






o 
o 
o 

fcT(«l) 



A c(m 



Let £^. be the regular indecomposable representation of dimension eij +h which contains Ejj (similarly we 
define E t h ). From the regular component of the Auslander-Reiten quiver of Q', we note that the following 
indecomposable representations V' € Rep(Q') satisfy property (Op) (the other regular indecomposable repre- 
sentations of Rep(Q') satisfying property (Op) are extensions of these). 

(a) V (0i i) such thatZ' = E\ ©£0,2 = VZ'. 

(b) Ei-ij, with 1 < j < i - 1 < /, such that V£;_ij = E iJ+l and Z' = £h-ij-i ®E LJ = VZ'. 

(c) £*_!-, with 1 < j - 1< j < I, such that VE^_ tJ = Ef j+l and Z' = £f +i ^1 ©^ = VZ'. 

(d) £■/_, ., with 1 < i-\ <7<fe+l,suchthatV£ , ^ 1J =E' (J+1 andZ' =E' t+1J _ 1 ®E' i j = VZ'. 

(e) £,'*!-, with 1 < j < j- 1 <fc+l, such that V£> 1; . = £> +1 andZ' =E i t [ lj _ l ©£>■ = VZ'. 

If V is the middle term of a short exact sequence — >V -^V — >V 2 ^ 0, with V ' and V 2 one of the represen- 
tations of type (a), (b), (c), (d) or (e), we have the blocks matrix 



Hom Q (d min ,-) = 



_ ( Hom Q (d v min ,- 







Hom Q (B,-) ttom Q (d min ,- 



1 aV l 



where d min : P/ — > P is the minimal projective presentation of V , of, 



mm ' 1 



Pq is the minimal projective 



presentation of V and for some B 6 HoniQ(Py,P^). In general for every blocks matrix we have 



A 
C 



Id 

-PA" 1 Id 



A 
B C 



if A is invertible. Hence using rows operations on HoniQ(dJ ninl •), we obtain 



Ho mQ (dl in ,)~( Hom ef^ 



Hom Q( d mim- 



So it's enough to prove the skew-symmetry of HoniQ(dJ ninl •) on SpRep(Q,j5) for V one of representations of 
type (a), (b), (c), (d) and (e). 

Let x be the symmetric weight associated to a. We order vertices of Q clockwise from t b = 1 to hb = k + 1 + 1 . 
Let W G SpRep(Q,f5). We prove that HomQ(d^ lin ,W) is skew-symmetric for every regular indecomposable 
representation V of type (a), (b), (c), (d) and (e). First we observe that the associated to V symmetric weight 
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X have components equal to 0, 1 and -1. Let m\ be the first vertex such that %(tn\) ^ and m s the last vertex 
such that x( m s) ¥" 0- Between —1 and 1 alternate in correspondence respectively of sinks and of sources. In 
particular, x( m i) = ±1 = —X( m s) ar, d X{ m i) = 1 or —1, for every i G {2, ...,.? — 1}, respectively if m\ is a 
source or a sink. We note that, for every HomQ(d^ ljn ,W) with V one representation of type (a), (b), (c), (d) and 
(e), we can restrict to the symmetric subquiver of type A which has first vertex m\ and last vertex m s and passing 
through the c-fixed vertex of Q. Hence it proceeds as done for type A (see Lemma 3.1 in (3]]). □ 

Definition 3.2. For V G Rep(Q, a) satisfying property (Spp) (resp. satisfying property (Op) such that (a, /3 ) = 
0, where j3 is an orthogonal (resp. symplectic) dimension vector, we define 

pf:Rep(Q,P) — ► k 

W h-> c v (W)=pf(Hom Q (dl in ,W)). 

Proposition 3.3. Let (Q 1 o) be a symmetric quiver of tame type. Let a be a symmetric dimension vector, x be 
an admissible sink and (p x p a be as defined in Lemma\2J\ 



Then (p x p a {c v ) = C ( ,cr ( v >) and (p x P a(pf W ) = pf ' va<jr " , where V and W are indecomposables of Q such that 
(dimV, a) = = ( dim W, a) and W satisfies property (Op). In particular 

(i) ifO = a x ^ L aeQl : ta =x Ore then (<p^«) _1 (c^) = 0; 

(ii) ifO^ a x = £ a6fi] , ta=x Ota, then y S x % (c^W ) = 0. 

Proof. See Proposition 3.3 in |3"1. D 

Proposition 3.4. Let (Q, a) be a symmetric quiver of tame type. Let a be a symmetric dimension vector, x be 
an admissible sink and (p xa be as defined in Lemma \2J\ 

Then <p° a (c v ) = c ( X > CT M) and (p xa (pf W ) = pf l xa(j: » , where V and W are indecomposables of Q such that 
( dim V, a) — = ( dim W, a) and W satisfies property (Spp). In particular 

(i) if = 0t x ^ ZaeQ V .ta=x Oka, then ((p? a y l (c s *) = 0; 

(ii) ifO ^ a x = I aeei:ra= . v Ota, then <p° a (c 5 °W ) = 0. 

Proof. See Proposition 3.4 in O. D 

By Proposition [33] Proposition 13 .41 and by Lemma |2~71 it follows that if Theorem l 1.231 and Theorem 1 1.241 
are true for (Q, a), then they are true for (ct xa t x y\Q, a). 

3.1 Semi-invariants of Symmetric quivers of tame type for dimension vector ph 



In this section we deal with dimension vector ph (for definition of h, see Proposition ! 1.4b . One proves Theorems 

|1.23| and |1.24| type by type of quivers A and D. As said above, we can consider orientations of symmetric quivers 

of type A in Proposition 12 . 41 and orientation of symmetric quiver D eq . We proves these theorems only for A,', . 

For the other type the proof is similar (for further details see sec 3.1 in 0). 

We shall call A, ERA and EC A respectively the set of partitions, the set of partition with even rows and the set 

of partition of even columns. 

Theorems ll.23l and ll.24l for type (1, l,k,l) follow from next theorem. 

Theorem 3.5. Let (Q,o) be a symmetric quiver of type (1,1, it,/) with orientation as in All I ). Then 
O) OSI(Q,ph) is generated by the following indecomposable semi-invariants: 
if p is even, 



a) det V (uj) with j G { 1 , . . . , | }; 

b) detV(vj) with j G {1, . . . , |}; 
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c) pfV(b) 

d) the coefficients ct of (p p ~ 2 'y/ 2 ', < i < f , in det(\j/V(a(a)a) + (pV(b)), where a — vi •••vi and b — 
o(u\)- ■ ■ o{uk )buk ■ ■ -u\; 

2 2 

if p is odd, 

a) detV(uj) with j <E {1. . . . , §}; 

b) detV(vj) with j € {1, . . . , j}; 

c) f/ze coefficients ci of (p p ^ 2 'y/ 2 ', < / < -^j-^, /n det(yV(o(a)d) + q>V(b)), where a = v t • • • vi anaf b = 
ct(mi) ■ • ■ o{uk)biik ■ ■ -u\. 

Sp) SpSI(Q,ph) is generated by the following indecomposable semi-invariants: 
if p is even, 

a) detV(uj)with j € {1, ...,§}; 

b) detV(vj) with ;'6{1,...,|}; 

c) detV(b) 

d) the coefficients c,- of (p p ~ 2 '\j/ 2 ', < i < j, in det(^V(a(a)a) + (pV(b)), where a = vi •••V\ and b = 

o(u\) ■ ■ ■ a(uk)buk ■ ■ -u\; 

2 2 

if p is odd, SpSI(Q,ph) = k. 

Proof. We proceed by induction on j + j- The smallest case is A ' 2 

2 . . 



1 ^a(l). 

The induction step follows by Lemma l2.11l and by Lemma l2.12l so it's enough to prove the theorem for A ' 2 . 
O) The ring of orthogonal semi-invariants is 



(S x(a) Vi ®S m V!) SLV i ® {s Ha) v 2 ) sov "-. 

X(a)e\ 
A.(b)eECA 

By Proposition ! 1.30l we have 

X(a)j + X(b) p - j+1 =k i (12) 

for every < j < p and for some k\ E N. By Proposition Q3TJ we have A (a) = 2/1 + (l p ) for some ji G A and 
for some I g N. We consider the summands in which k\ = 1,2 because the other ones are generated by products 
of powers of the generators of this summands. 

Let p be even. If k\ = 1 the only solutions of (O are 1(a) = (IP), X(b) = and X(a) = 0, X(b) = (l p ). 
Respectively, the summand (Sn P \V\) ' <8> (Sn P \V2) 2 is generated by a semi-invariant of weight (1,0), i.e 
detV(a) — detV(o(a)), and the summand (Snp^Vi) SLVl is generated by a semi-invariant of weight (1,0), i.e 
pfV(b). Ifki = 2, the solutions of <[TJ) are X (a) = (2 2i ), X(b) = (2'^ 2 ') with < i < f . So the summand is 

f 
0(5 (2 ») y i ® V" 2 ^ 1 )^ ® (5 (2 2 V 2 ) 5OV/2 

i=0 
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which is generated by the coefficients of (p p 2, \ff 2 ' in det(yV(o(a)a) + <pV(b)), semi-invariants of weight 
(2,0). In particular for i = we have detV(b) and for i = | we have ofe? V (o(a)a). 

Let p be odd. If h = 1 the only solutions of (O are A (a) = (l p ), A {b) = 0. The summand (S^ P )Vi ) SLVl <g> 
(^(ip)^) 2 is generated by a semi-invariant of weight (1,0), i.e detV(a) — detV(a(a)). If k\ — 2, the 
solutions of (O are X(b) = (2 2i ), A (a) = (2 p - 2i ) with < i < ^-. So the summand is 



® (s ( 2P-2 Vi ®5 (2 2 yi) SLy ' ® (s (2P - 20 y 2 ) SOF2 

which is generated by the coefficients of (p 2 '\j/ p ^ 2 ' in de?(l//V(c7 (a)a) + <pV(&)), semi-invariants of weight 

(2,0). 

Sp) The ring of symplectic semi-invariants is 



(S x{a) Vi ®S A(6) Vi) ffiVi ® (^ W 7 2 )*^. 

X(o)eA 

X(*)e£RA 

By Proposition ! 1.30| we have 

A(o)/ + A(ft)p-;+i = Jki (13) 

for every < j < p and for some k\ e N. By Proposition 1 1 .3 1 1 we have A (a) G EC A. We consider the sum- 

mands in which k\ = 1,2 because the other ones are generated by products of powers of the generators of this 

summands. 

Let p be even. If k\ — 1 the only solutions of (TT3T> are A (a) = (l p ), X(b) = 0. The summand (S^ip- ) Vi) SLVi (g> 

(Sn P \V2) SpV2 is generated by a semi-invariant of weight (1,0), i.e det V(a) — detV(o(a)) — pfV(o(a)a), If 

k\ = 2, the solutions of (O are A {a) = (2 2 '), A (fe) = (2 p - 2i ) with < / < f . So the summand is 

I 

0(5 (aa) vi ® s (2P - a) Vi ) SLV/1 ® (5 (2 2 y 2 ) S/ ' V2 

«=0 

which is generated by the coefficients of (p p ^ 2l \f/ 2 ' in det(yV (a (a)a) + (pV(b)), semi-invariants of weight 
(2,0). In particular for i = we have detV(b) and for i = | we have ofef V (a(a)a). 

If p is odd there not exist any non-trivial symplectic representations because a symplectic space of dimension 
odd doesn't exist. So we have SpSI(Q, ph) = k. □ 

From previous theorem, theorems ! 1.23l and ll.24l follow for symmetric quivers of type (1, l,k,l). 

Proof of Theorems ]! .23\ and \l .24\ for type (1,1, k,l). First of all we note that, by definition of c w and pf w , 
when we have it, are not zero if = (dimW,ph) — p(dimW,h) = —p(h,dimW), so we have to consider only 
regular representations W. Moreover it is enough to consider only simple regular representations W, because 
the other regular representations are extensions of simple regular ones and so, by Lemma [1.211 we obtain the 
c w and pf w with non-simple regular W as products of those with simple regular W. Now we check only for 
A^j that the generators found, in previous theorem, for SpSI(Q,ph) and OSI(Q,ph) are of type c w , for some 
simple regular W, and pf w , for some simple regular W satisfying property (Op) in symplectic case and (Spp) 
in orthogonal case (see Lemma lXTl i. 

Sp) Let V be a symplectic representation. We recall that, in this case, p has to be even. The minimal projective 
resolution of Eq is 

— >p h{a( Vl )) ~^ p Ka(n)) — >E ° — ^°' 
where d^ n = a(vi). So we have c £ °(V) = det(V(o(vi))) = det(V(v\)) = c Ei (V). Similarly, we obtain 
c E -(V) = det(V(vt)) = det(V(a(vt))) = c E '-'+'(V) for every i G {2,...,/}, c E o(V) = det(V(a(u { ))) = 
det(V(uij) = A (V), c E 'i(V) = det(V(u t )) = det(V(o(w))) = c E 'k-^(V) for every i G {2,...,k} \ {§ + 

E' 

1}, c 2 +1 (V) = det(V(b)) and c^W) (V) = det (\j/V (a (a) a) + q>V(b)); 
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O) if V is an orthogonal representation, the only difference with the symplectic case is, when p is even, 
e' 
we have pf ? +1 (V) = pf(V(b)) and pf v (f,v) (y) = pf(yV(a) + <pV(b)), in fact E' k , satisfies property 

(Spp), since C + £ , l = Zsl = E', l = VE' t and the almost split sequence 
" |+i 5+2 ff(f+i) 5+1 r M 



hasZ = £' 4 £SpRep{Q). 

T+Z.7 + I 



D 



3.2 Semi-invariants of symmetric quivers of tame type for any regular dimension vec- 
tor 

In this section we prove theorems ll.23l and ll.24l for symmetric quivers of tame type and any regular symmetric 

dimension vector d. 

We will use the same notation of section 3.1. For the type A we call oq = tv\ = tu\, Xi = hv, for every i G 

{ 1 , . . . , I } and y, = hv t for every / G { 1 , . . . , | }. For the type D we call t\ = ta, ti = tb and z, = fc, for every i 

such that a G (Q\ U Qf ) \ {a,b}. 

First we consider the decomposition of d for the symmetric quivers. 

Let (Q,cr) be a symmetric quiver of tame type and let A = {e,|/ G / = {0,...,m}}, A' = {e'^i G /' = {0,. . . ,v}} 

and A" = {e'/\ i G /" — {0, . . . , w}} be the three C + -orbits of nonhomogeneous simple regular representations of 

the underlying quiver Q (see Proposition |1.9b . 

We shall call Ig — {i G /| e; = 5e,} (respectively I' s and Ig). Let [x] := max{z G N|z < x] be the floor ofiel. 

Lemma 3.6. (a) For symmetric quivers of tame type with central symmetry, we have A = A' and so I = I'. 

(b) For symmetric quivers of tame type with symmetry respect to a central vertical line, we have decomposi- 
tion I = 7 + UIg U/_ such that 

(i) 7 + = {2,...,[|]+2},/,=,7_=/\/ + ; 
(ti) 1+ = {2,..., [g ] + 1}, 7, = {1}, 7_ =7\ (7 + U7 5 ); 
r»7J 7+ = {2,..., [f] + 1}, I S = {1, [f] +2}, 7_ =7\(7 + U7 5 ). 
Similarly for I 1 but replacing v with u. I" — I'! U 7" iwc/z f/iaf 7" = {2 } one/ 7" = I" \ I'!. 

Proof. It follows by section 6 pages 40 and 46 in [6] and by definition of 8 (Definition QTT6]). □ 

Proposition 3.7. Let (Q, a) be a symmetric quiver of tame type and let I+, Ig, I' + , 7* and I'J_ be as above. Any 
regular symmetric dimension vector can be written uniquely in the following form: 

d = ph + £ Pi (e, + 8e f ) + £ Pi e t + £ p\{e\ + Se',) + £ M + £ p'( [e'( + Se'l) (14) 

i£i+ ielg iei' + iel' s iei'l 

for some non-negative p,Pi,Pf,Pj with at least one coefficient in each family {pj\ i G 1+ U7g}, {p\\ i G l' + U7^}, 
{p'/\ i G 7"} being zero. In particular, in the symplectic case, 

i) if Q has one a -fixed vertex and one a -fixed arrow (i.e. Q — A k ' t ), then p 1 . and p\ have to be even, 

ti) if Q has one or two O-fixed vertices and it has not any O-fixed arrows (i.e. Q = A k ' t or D„' ), then both 
Pi 's and p': 's, with i G Ig and j G 7^, have to be even. 



Proof It follows by Lemma |3T6l and by decomposition of any regular dimension vector of the underlying quiver 
of (Q, a). In particular, since symplectic spaces with odd dimension don't exist, it implies i) and ii). □ 
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Graphically we can represent, in the symmetric case, A (similarly A' and A") as the polygons 

e\ e Q 



e 2 



<?;+2 



if Q=A° k ° k and 



e 2 ■ 



t'3 



*>[%]+! 



8e2 

8e 3 g 2 



5e [4]+i 



e; e ;+1 



5e2 e 2 



Se m 



J [il+i 



ei 



5e2 



5er» 



1+1 



e[f]+2 ■ 



■ 5«[5 ]+2 



*[f]+i 



5e [f]+ i 



[f]+2 



with a reflection respect to a central vertical line, in the other cases. 

Definition 3.8. We define an involution Oj on the set of indices I such that e a . /* — deifor every i S I. Hence 
(7/(7) = I' for A A and (7/7+ = /_, <JiI§ = 1 5 for the other cases. Similarly we define an involution Op and an 
involution Opt respectively on I 1 and on I". 

In the remainder of the section, we shall call 



d'=Y, Pi( e i + 5e ') + L P' ei + L P'i( e 'i + 5e ^) + L Pi e 'i + L ^'(^' + 5e 'i)- 

iei+ iei 5 tei' iei' s iei'l 



(15) 



iei' s 



Proposition 3.9. If d is regular with decomposition M4\ such that d = d' or d is not regular then SpRep(Q,d) 
(respectively ORep(Q,d)) has an open Sp(Q,d)-orbit (respectively 0(Q,d)-orbit). 

Proof If d = d', we have no indecomposable of dimension vector ph and so there are finitely many orbits. If d 
is not regular, it follows from 1 19|, Theorem 3.2. □ 

In the next, d shall be a regular symmetric dimension vector with decomposition < fl~4T > with p > 1 and p^O- 
Now we shall describe the generators of SpSI(Q,d) and OSI(Q,d). 

By Proposition 13.91 Sp(Q,d r ) acting on SpRep(Q,d') has an open orbit so, by Lemma fl. 261 dimension of 
SpSI(Q,d') x i is or 1. This allows us to identify one non-zero element of SpSI(Q,d) z with the element of 
SpSI(Q,ph) z to which it restricts. Similarly one proceeds for OSI(Q,d). 

We proceed now to describe the generators of the algebra SpSI(Q,d) (respectively OSI(Q,d)). If the corre- 
sponding I, /', 7" are not empty, we label the vertices e,, e' t , e'( of the polygons A, A', A" with the coefficients 
Pi, p' t , p'l . We recall that 

a) we have to label with p t (respectively with p\ and p") both vertices e,- and 5e,, i.e p, = p a ,{i) (respectively 
P'i = P'o<(i) and Pi = Pai'(iy>' if e < + 5ei - 

and in the symplectic case, by i) and ii) of Proposition ^. 7| 

b) for A k ' { , p 1 j and p\ have to be even, 



ro,2 



:,().! 



c) for A kl and D„' , p, 6 Ig and p\ € I' s have to be even. 
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We shall call these labelled polygons respectively A(d), A'(d), A"(d). 

Definition 3.10. We shall say that the labelled arc Pi — — Pj (in clockwise orientation) of the labelled 

polygon A(d) is admissible if pt = pj and pt < Pk for every its interior labels p^. We denote such a labelled 

arc Pi — — Pj by [i,j], and we define pj — pj the index ind[i,j] of [i,j]. Similarly we define admissible 

arcs and their indexes for the labelled polygons A'(d) and A"(d). 

We denote by &f(d), stf'id), srf"{d) the sets of all admissible labelled arcs in the polygons Aid), A'(d), 
A"(d) respectively. In particular we note that if d = ph, then the polygons A(d), A'(d), A"(d) are labelled by 
zeros and so srf{d), sz/'(d), £/"(d) consist of all edges of respective polygons. With these notations we have 
the following 

Proposition 3.11. For each arc [i,j]from .s/(d) (respectively ,s/'(d) and a/" (d)) there exists in SpSI(Q,d) and 
in OSI(Q,d) a non zero semi-invariant 

(i) oftypec Ei - l -i (respectively c E '- l J and c E '- i -J) or oj 'type c y (w) , with (<p,y) G {(1,0), (0,1), (1,1)}; 

(ii) oftypepf^-i-i (respectively pf^i and pf E '~ l -i) oroftype pf v (w), with (q>,Y) G {(1,0), (0, 1), (1, 1)}, 
ifEfj-i, E' i _ l j, E'/_i • andVimm) satisfy property (Op) in the symplectic case and property (Spp) in the 
orthogonal case. 



Let co , . . . , c t be the coefficients of q>' ' \j/' in c (9.v) or pf (9>v) . We note case by case, from previous section, 

o—\ p 

~> 2 



that t can be ^~-, & or p. The generators of algebras SpSI(Q,d) and OSI(Q,d) are described by the following 



theorem 

Theorem 3.12. Let (Q,a) a symmetric quiver of tame type and d = ph + d the decomposition of a regular 
symmetric dimension vector d with p > 1. Then SpSI(Q, d) (respectively OSI(Q, d)) is generated by 

(i) c ,...,c r ; 

(ii) c £ '-u, c £ '-i-', c £ /-»s andc^v) w ith [i,j] £ sz?{d), [r,s] G #t'{d), \f,g] G sit"{d) and{<p, \jf) G {(1,0), (0, 1), (1,1)}; 

(Hi) pf E <- x >, pf E ' r - [s , pf E "- [ * and pf v (fv) w ith [ij] e srf(d), [r,s] G rf'{d), \f,g] G e/"{d) and (q>,y) e 
{(1,0), (0, 1), (1,1)}, if Ei-ij, E' r _i s , E"j_ x andVtmy) satisfy property (Op) (respectively property 
(Spp)). 

For every regular dimension vector d, we note that (h,d) = and 

( dim Ej-\ j,d) = <^> pi = pj. 
So theorem r3.12l is equivalent to theorems ll.23l and ll.24l 

3.2.1 Generic decomposition for symmetric quivers 

In the proof of theorem[3J~2] we use the notion of generic decomposition of the symmetric dimension vector d 
(see remark 2.8(a) in tl2\ ). 



Definition 3.13. A decomposition a = /3i © • • • © /3 9 of a dimension vector a is called generic if there is a 

'■><■>— "•"-^j =1 . 



Zariski open subset ty ofRep(Q, a) such that each U G "% decomposes in U = ©f = ] Ui with Ui indecomposable 



representation of dimension j3;, for every i £ { 1 , . . . , q}. 

Definition 3.14. (1) A decomposition a = /3i © • • • ®/3 ? of a symmetric dimension vector a is called sym- 
plectic generic if there is a Zariski open subset 'W ofSpRep(Q, a) such that each U G % decomposes in 
U = ©f =1 Ui with U indecomposable symplectic representation of dimension j3,-, for every i G { 1 , . . . , q}. 

(2) A decomposition a = /3i © ■ • • © j3 ? of a symmetric dimension vector a is called orthogonal generic if 
there is a Zariski open subset % ofORep(Q, a) such that each U G *% decomposes in U = ©fLj f/,- with 
Ui indecomposable orthogonal representation of dimension j3„ for every i G {1 , . . . , q\. 
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For tame quivers the generic decomposition of any regular dimension vector is given by results of section 3 
in ED. 

We describe this decomposition explicitly for a symmetric regular dimension vector d with decomposition (fT4l >. 
In the remainder of this section we set 

d= Y* P&i + (5e ') + H P ie >> ( 16 ) 

iel+ ieig 

^=I>^+s4)+I>& d7) 

iei' + iel' s 

d"=Z,pUe'l + 8e'!). (18) 

iei'_l 

Remark 3.15. We can assume pi = for i G Ig or pj = 0, for i G /+, and so p ai (i) — 0- 

Definition 3.16. We divide the polygon A(d) in two parts: 

(i) the up part A up (d) is the part of A(d) from Pi-\ to p a ,(i-\)' 

(ii) the down part A c i ow „(d) is the part of A(d) from p a] n + i) to pt+\. 

Similarly for A' and A" ' . 

Remark 3.17. We note that if pi = with i G Is, then we have only the part A up or the part A c i ow „. 

We consider A, similarly one proceeds for A' and A". 

Definition 3.18. We shall call symmetric arc, an arc invariant under (7/, i.e. an arc of type [/, CJ/(/)]. 

Remark 3.19. By the division of A in A up and A c /„ v „„ we note that all symmetric arcs pass through the same 
Oi-fixed vertex of A or through the same <Jj-fixed edge of A 

Lemma 3.20. Let (Q, c) be a symmetric quiver of tame type. 

(i) Ifn — C/(«) then either there exists unique x G Q® such that e n [x) ^0 or there exists unique a G 2f such 
that e n (ta) ^ 0. 

(ii) If n — <7/(n) is a <Jj-fixed edge in A, then there exists unique a G Q1 such that e n (ta) ^ 0. 
Proof. One proves type by type, using Lemma |3~6l (for further details, see Lemma 3.2.18 in (2)). □ 

Definition 3.21. (i) Ifn = (7/(n), we call x(n) the unique x G Qq such that e n (x) ^ 0. 

(ii) Ifn = (7/(n) or n — <7/(n) is a <Jj-fixed edge in A, we call a(n) the unique a G Q1 such that e n (td) ^ 0. 
Definition 3.22. For every arc [i 7 j] in A, we define 

e M = L e k- 

ke[i,j] 

Definition 3.23. (i) jrf+(d) := {[ij] G s>f(d)\ [/,./'] c /+} 
(ii) s^l(d) := {[/,;] G s/(i)\ [ij] Cl+,ind[i,j]=k}. 
(Hi) S?%j(d) = {[/,;'] = Oi[i,j] G £?(d)\ ind[i,j] = k}. 
Remark 3.24. [i,j] G /+ ifandonlyif[(Ji(j),<jj(i)] C /_ and ind[i, j] =ind[Oi(j),Oi(i)]. 
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First we consider all the admissible arcs in gf^ (a) U srf+{d) such that r = max{pk}. So we get 

£ Pi(et + Set) + Y, Piet = 
iei+ iei s 



£ pi(ei + 8e t ) + £ P& + (e[/j] + Se[ tJ ] ) + e [Lai{i)] ] , (19) 

where max(pi) = r — 1. Then we repeat the procedure for ( fT9l and so on we have 



Y,Pi( e i +Se ')+ Y*p' ei 

iei + iei s 



ie M + 8e M )+ .[,„(,)]. (20) 

*=l \M&*$(d) [i,o!ir»]a4(i) / 

Remark 3.25. (/J ^ ['»,/'] flnfl7 ['';/] are tw° admissible arcs in ,s/(d) such that [i,j] D [/',/], then ind[i,j] < 

(ii) If there not exists [i, j] G ,e^ (d) U .$/+ (d) such that [i, j] D [/' , /] for some [i 1 , /] G &/£ (d) U srf\ (d), then 
the symmetric dimension vector corresponding to [/',/] appears k-times in the decomposition ( 1201 ), with 
l<h<k. 

Definition 3.26. Let [ii 1 ji],...,[ikijk] be the admissible arcs such that [h,ji] 2 "" 2 [h,jk], with k > 1. We 
define qu ,• i = mrfji/,,;'/,] — inrf [z/,- 1, A- i]/or every I < h <k, where ind[io,Jo] = 0. 

We note that for every [*',_/] G srfg (*0 U&/+(d), qui] is the multiplicity of the symmetric dimension vector 
corresponding to [/, _/'] in the decomposition ( fSQb . 
Finally we have 

iei+ iei s 

(e [ , ;1 +5e [M )^M+ (e [iMr)] f^M. (21) 

[i,;]G^ + ( c /) [/,O7(0]6^(<i) 

Example 3.27. If A is of the form 

ex = Sei (22) 

e 2 $ e 2 = e ai{2 ) 

e 3 8e 3 =e ai{3) 

e4 = (5e 4 

and pi — 4, p2 = 3, /?3 =0and p 4 = 2, then [2,(7/(2)] = {2, 1,(7/(2)} c/+U/gl_l/_ vv/f/z qn.a^i)} = ind[2, <7/(2)] = 
3, [1, 1] = {1} G 1+ with 4[ U ] = z'nd[l,l] - z'nd[2, (7/(2)] = 1 ami [4,4] = {4} G Is with 0[ 44 ] = ind[4,4] = 2. So 
we have 

£ Pi(ei + 8et)+ YPi e i = ((e2 + 5e 2 )+ei)* 3 ©ei®(e 4 ) ffi2 . 

Similarly we proceed with the decomposition of J' and d" . So we have the following 
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Proposition 3.28. Let (Q, <j) be a symmetric quiver of tame type and let d be a symmetric dimension vector of 
a representation of the underlying quiver Q with decomposition (E3- Then 

d = ®h+ ie M +8e u )«»M+ (e^f M + 

i? M +8f M f<U+ (4^(0])^"^ (23) 

M f/ie generic decomposition of d. 

We restrict to regular symplectic and orthogonal dimension vectors. We modify generic decomposition d23l ) 
of of = (di)teQ to get symplectic generic decomposition of d or orthogonal generic decomposition of d. 
Let [i,j] be an arc in A up and let [/z,£] be an arc in A ( / mv „. If Euj\ is the regular indecomposable symplectic 
(respectively orthogonal) representation of (Q, a) corresponding to [i,j] and £ km is the regular indecomposable 
symplectic (respectively orthogonal) representation of (Q, a) corresponding to [h,k], then 

Hom Q {E [iJ] , E [hk] ) = = Hom Q (E [hk] , E^ ) 

and 

ExtQ (£[,■ j] , E [hM ] ) = = fi.tfg (£[/,.£] , £■[,■,,•] ) . 

So we deal separately with A up and A dowt . We consider / = fU/*™, /+ = /fu/f™ and / 6 = l" s P Ulf' w ". 
We have the decomposition <i = d up + dd 0wn , where 

dup = 52 Pi( e i + ^ e 0+ £ A e ; ( 24 ) 

and 

ddown= Y, Pi(ei + 8e { )+ Y, Pi e i- (25) 

By what has be said, the symplectic (respectively orthogonal) generic decomposition of d is direct sum of the 
symplectic (respectively orthogonal) generic decomposition of d up and the symplectic (respectively orthogonal) 
generic decomposition of d c / own . 

Remark 3.29. (i) In the symplectic case, since d x has to be even for every x G Qq , we have to modify the 
symmetric dimension vectors corresponding to the arcs passing through the (J[-fixed vertex n such that 
there exists x — x(n) G Q% . 

(ii) In the orthogonal case, we have to modify the symmetric dimension vectors corresponding to the arcs 
passing through the Orfixed vertex n such that d tu i n \ is even and those corresponding to the arcs passing 

through the a i- fixed edge n — <Ji(n) such that d ta i n \ is even. 

(Hi) We have to modify also ph + ei iai ri\], with p odd, if [/,<7/(/)] is like in part (i) (respectively part (ii)), 
since h + eu ■ nx\ is the dimension vector of regular indecomposable symplectic (respectively orthogonal) 
representation. 

Definition 3.30. (i) sz? u P{d) = {[/,;] £ s/(J)\ [ij] C I" p }. 

(ii) <'V~) = {[hj] e ^W\ [hj]ci u + p }. 
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(Hi) srf down (d) = {[/,;] G £/(d)\ [ij] C l down }. 

(iv) £?f own (d) = {[/,;] G £/(d)\ [ij] Clf' wn }. 

We restrict to A up (one proceeds similarly for A c i own ). Let d — d up + ddown be a regular symplectic dimension 
vector. Aup contains either a (7/-fixed vertex, we shall call n up , or a (7/-fixed edge, we shall call n up — Oi{n up ) . 
Starting from generic decomposition d23l of d up we modify it as follows. 

(1) We keep the summands {eui\ + Sen l /])® ? ^ corresponding to the arc [/, /] C 7+\ 

(2) If n„ p is such that there exists a = a(n up ) G Qf' then we keep the summands (eu .a ; (i)l) ''• tT/( ' ) ' correspond- 
ing to the symmetric arcs [/, (J/(?)] of A up . 

(3) If n up is such that there exists x — x(n up ) G Q° , we have the symmetric dimension vectors 

e ['1.0/(l'l)]'"-' e [''2s.O"/fe. ! )] 

corresponding to the arcs [ii,CT/(»i )],... , [«2s,0/('2s)] sucn that [i"i , cT/(ii)] 3 ••• 2 ['2s»0]r('2s)]> Then we 
divide them into pairs 

([»2t)0/(»2it)])[»2ifc-l,0/(»2*-l)]), 

with 1 < fc < s. For each pair we consider [^^/(^i-i)] U [i2A;-i,0/(i2/t)] and we substitute ^v a/fe*)] ® 
e lhk-iMhk-i)] for 

e ['2*.o"/('2*-i)] "■" e [fet-i.Oir(fet)]' 

So, by equationim in the symplectic case we get (see lemma [3~20l i 
(i) if n up is such that there exists a = a(n up ) G Q", 

d« P = © (e M + 8e M ) s »M+ {e [i>aM f^M; (26) 

[i,j]e<"(d) [iMi)]^""(d) 

(ii) If n up is such that there exists x = x(n up ) G Qq , 

4 P = (eM + 5e [ y])®^+0(e fe , (T/fe _ 1 )]+e fe _ 1 , <T/fe )]). (27) 

[',;] e< p (rf) ^ =1 

Finally we have to modify like in (3) the dimension vector /?/; +£[/ <»(01 ^ P * s oc ^ anc ^ ['"> °/(0] P asses through 
« Hp such that there exists x = x(n up ) G Qo ■ 

Example 3.31. Let (Q,o) be the symmetric quiver A ' 6 . VKe recall that xi = <t(jc( ). A has the form ( I22D . 

As in example 15.2 71 /ef /?i = 4, /?2 = 3, /?3 = and p^ — 2. The Grfixed vertex 4 is such that eAxi ) ^ 0. 77ze 

2 

on/y symmetric arc passing through 4 is [4,4]. Thus we substitute (04) /or e4 + 64. So, in the symplectic case 
we get 

£ p,(e; + <5e,) + £ /w = ((e 2 + 5e 2 ) +ei)® 3 ©ei ©2e 4 . 

Similarly we proceed with the decomposition of d' and d" . 
Let cf = d up + dd 0V/n be a regular orthogonal dimension vector. Starting from generic decomposition ( 1231 of d up 
we modify it as follows. 

(1) We keep the summands (e[,-jj + 5e[ iJ ])®' ?| '-' 1 corresponding to the arc [i,j] C I^F. 

(2) If « M/) is such that there exists a — a(n up ) G Qf such that <f, a is odd or n up is such that there exist x = 
x(n up ) G <2q , then we keep the summands (sp <»(/)]) 'MrWl corresponding to the symmetric arcs [i, 0>(/)] 
of A up . 
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(3) If n up is such that there exists a — a(n up ) G Q° such that d ta is even, we have the symmetric dimension 
vectors 

e [''l.O"/('l)]'---' e ['2s.O"/(!2. ! )] 

corresponding to the arcs [i\, Oi(i\ )],..., [12s, C/('2.v)] such that [ii,CJ/(ii)] 3 ••• 2 [J2j,0/(J2.s)]- Then we 
divide them into pairs 

([hk,<5i(hk)],[hk-i,<5i(hk-i)]), 



with 1 < k < s. For each pair we consider [iik^iihk-i)} U [i2Ar— l , <7/('2/t)] and we substitute e[i 2k ^i(i 2k ) 

e hk^iihk- i )] + e ['it- i -°i (hk)] ■ 



e [hk-iMhk-i)] for 



So, by equationl2"Tl in the orthogonal case we get 

(i) if n up is such that there exists a — a(n up ) G Q" such that d ta is odd or n up is such that there exist x = 
x(n up ) e e£, 

du P = © ( e[ , 7] + 5 e[ ,, 7] )^M+ (e [iMi)] f"l-M; (28) 

[M]e<'V) [;,(j ; (0]G.« / ""(rf') 

(ii) if n up is such that there exists a = a(n up ) G Q" such that J, a is even, 

d'u P = (e M + 8e M T«M + ®(e [hkMht _ l) ] + e [ht _ lMhk)] ). (29) 

[/J]G<"(J') *=1 

Finally we have to modify like in (3) the dimension vector ph +eu ai (f\] if p is odd and [i, (T/(/)] passes through 
n up such that there exists a = a(n up ) G Q" such that d ta is even. 

Example 3.32. Let (Q, a) be the symmetric quiver A ' 6 . We recall that b = cr(£>). A /las the form A22I . 
As in example \3.27\ let pi = 4, /?2 = 3, pi = one/ /?4 = 2. 77ie Gj-fixed vertex 1 is such that ei(tb) ^ and d t b 
is 2. The only symmetric arcs passing through 1 is [2, 0/(2)]. Thus we substitute {{e 2 + <5e2)) +#i) © e\ for 
2((e2 + 5e2)) +^i) © ((^2 + $£2)) +2ei). So, in the orthogonal case we get 

£ Pi {et + Set) + £ p iei = 2({e 2 + 8e 2 ) +«i) © ((e 2 + Se 2 )) +2«i) © (e 4 )® 2 - 

Similarly we proceed with the decomposition of 3 and d" . 
In general we have 

Proposition 3.33. Let (Q, 0) be a symmetric quiver of tame type. 

(1) If d is a regular symplectic dimension vector with decomposition \14\ . Then 

p 
d = ^ ® dup © ddown © d up © d down © d up © d dmvn (30) 

1=1 

is the symplectic generic decomposition of d. 

(2) If d is a regular orthogonal dimension vector with decomposition \14\ . Then 

P 

d = (37 h © d up © ddown © d up © d down © d up © fl^o^, (31) 

1=1 

is the orthogonal generic decomposition of d. 
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For the proof, we need two propositions. We state these propositions only for regular indecomposable 
symplectic (respectively orthogonal) representations related to polygon A, because for those related to polygon 
A' and to polygon A" the statement and the proof are similar. 

Proposition 3.34. Let (Q. a) be a symmetric quiver of tame tape. Let V\ ^ V2 be two regular indecomposable 
symplectic (respectively orthogonal) representations of (Q, o) with symmetric dimension vector corresponding 
respectively to the arc [i,j] and the arc [h,k] of A (A' or A"). Moreover we suppose that [i,j] and [h,k] don't 
satisfy the following properties 

(i) [i, j] n [h, k] ^(d and [i, j] doesn 't contain [h,k]; 

(ii) [i, j] n [h, k] =£ and [h,k] doesn 't contain [i, j]; 

(Hi) [i, j] and [h, k] are linked by one edge of A (respectively A' or A"). 

ThenExt 1 Q {V u V 2 )=0. 

Proof. We obtain the statement by 

f 1 Xi=j 

(ei,ej) = < -1 if i = j -I 
[ otherwise. 

and applying Lemma 6.3 in chapter IX of (4) to the symplectic (respectively orthogonal) representations V\ 
and V% corresponding to the arcs which don't satisfy (i), (ii) and (iii) (for more details, see Proposition 3.2.32 
0). □ 

Proposition 3.35. Let (Q, a) be a symmetric quiver of tame tape. Let V be a regular indecomposable symplectic 
(respectively orthogonal) representation of (Q,o) such that dim (V) = h or d. Moreover we suppose V =/= 
E(j © E 0l fj\ 0l tj\ with i,j G /+ such that e[(ta) ^0 or ej(ta) 7^ 0/or a G Qf. Then, for every non-trivial short 
exact sequence 

W is not symplectic (respectively it is not orthogonal). 

Proof The statement follows from an analysis case by case of symmetric quivers of tame type describing the 
non-trivial autoextension of each regular indecomposable symplectic (respectively orthogonal) V of dimension 
h or d such that V ^Ejjt&E^rfi ^j-,-) with i,j G /+ such that e,(fa) ^ or ej(ta) ^ for a G Qf (for details of 

the type A kl ' , see Proposition 3.2.33 in 121). □ 

Proof of Proposition \3.33\ (1) Let d be a symplectic regular dimension vector with decomposition d30l l. First 
we note that the symmetric dimension vectors appearing in decomposition (130b are not dimension vectors of 
the regular indecomposable symplectic representations which are exceptions of proposition l3.34l and l3.35l Let 
G(d~) be the open orbit of the regular symplectic representations of dimension d. By [Bol] and [Z], we obtain 
each representation V in 0(d) as follows. 
There are representations M,, Uj, V, and short exact sequences 

->■ U, - -)■ Mi -)■ Vi -)■ 

such that Mi+i = Uj © V; and V = U n+ \ © V n +i, with 1 < i < n for some n G N. 
By Propositions 13. 34l and l3. 351 we have 

(i) If Ut ^ Vi, then Ext l Q (Vi,Ui) = 0. 

(ii) If Ut — Vi, then either Extk(Ui,Uj) — or no one non-trivial auto-extension of {/, is symplectic. So, if 
Extk(Uj,Ui) / then {/, doesn't appear in decomposition of a symplectic representation. 

Hence V decomposes in regular indecomposable symplectic representations of dimension j3,-, where j3,- are 

regular symmetric dimension vectors appearing in decomposition d30b of d. 

(2) One proves similarly to (1). □ 
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3.2.2 Proof of TheoremUjJ 

By Proposition 2.4 in [3|, Proposition ^. 41 and Lemma |2~71 we can reduce the proof to the orientation of A as in 
proposition ^. 4l and to the equiorientation for D. 

Let d be a regular symmetric vector with a decomposition d30b or (f3TT >. We note that if d = d\ © d% with d\ and 
d2 summands of this generic decomposition, we have canonical embeddings 

SpSI(Q,d)*i SpSI(Q,di) xUi ®SpSI(Q,d2) xUl (32) 

Zechar{Sp(Q4)) 

and 

OSI(Q,d)^4 OSIfadi^QOSIfadi)^, (33) 

Xeclwr(0(Q,d)) 

induced by the restriction homomorphism. We prove theorem [3. 121 by induction on the number of the sum- 
mands <?[,;] + Sery, e [ia/{i)] , eu lkMhk[)] +«[» 2t _ 1 ,^(i 2i )] and respective summands corresponding to the admis- 
sible arcs in srf (a) and in si (d). If this number is 0, then d = ph and it was already proved. We suppose 
that the generic decomposition of d contains one of those summands and, without loss of generality, we can 
assume that this summand is one of those corresponding to the arcs in gf(d). In particular we suppose that 
this summand is e\ SOl f s \\ (one proceeds similarly for the other types), with s£/ + U/g, and we can assume 
ind[s, <J](s)} = r = max\p^\. We call a^ = e\ s oi(i)\ an d so di =d — ek,o/(. s )i. Now we compare the generators 
of the algebras SpSI(Q,d) and SpSI(Q,d\) (respectively OSI(Q,d) and OSI(Q : d\)). By induction the gen- 
erators of SpSI(Q,d\) (respectively of OSI(Q,di)) are described by theorem \3. 121 Since A ! (d) — A'(di) and 
A" (of) = A"(di ), the generators cq, . . . , c t (with t — | , ^- or p), those corresponding to the arcs from srf'{d) and 
those corresponding to the arcs from srf"(d) occur. So it's enough to study the behavior of the semi-invariants 
corresponding to the arcs from £/(d). We describe the link between the admissible arcs of the polygons A(d) 
and A(d{). We have 

di=ph+ Y, Pi(ei + 8ei)+ £ p t et+ 

;e/ + \(/ + n[.s-,a ; ( s )]) ie/ s \(/ fi n|>,o>(*)]) 

Y, pi(ej + 8ei)+ Y, Pi e i+ 

iei+n[s,oi(s)} iei s n[s,a,(s)} 

YpM + ^ + YM+Yp!^!+^!)- 

iei' + iei' s iei'l 

We have two cases 

(1) p s+ i = p a ,( s )-i < r- 1 with s+le /+, 

(2) p s +\ = Pc,{ s )-i =r-\ with s+le /+. 

in the case (1) the only difference between the structure of g/(d) and s4{d\) is that the admissible arcs [s,s — 
l],[s — 1 ,s — 2], . . . ,[&](s) + l,o(s)] are of index r in &/(d) and of index r— 1 \n jtf(d\). In the case (2) we have 
the admissible arc [5+1,0/(5)— 1] of index r— 1. The admissible arcs [s,s— 1], [s— l,s — 2], . . ., [<Ji (s) + 1 , <7] (s)} 
are of index s in &/(d) and the admissible arcs [5+1,5], [5,5— 1],..., [0/(5) + 1,0/(5)], [o/ (5), 0/(5) — 1] are of 
index r— 1 in srf{d\). 

Now we prove that the embeddings <P C / and ^ are isomorphisms and this will be done in two steps. We describe 
the strategy for the symplectic case, similarly one proceeds for the orthogonal case. The first step is to show case 
by case that the semi-invariants corresponding to the admissible arcs [i, j] are non zero c v for some V G Rep(Q) 
and, if V satisfies property (Op), they are non zero pf v . For the first step, we will deal only with the case A. \ , 
the other ones are similar. The second step is to give an explicit description of the generators of the algebras on 
the right hand side of <I> f / and *P^. This is based on the knowledge, given by inductive hypothesis, of the algebra 
SpSI(Q,di). Moreover, by Proposition |3.9l we know that SpSI(Q,d2) is a polynomial ring since Sp(Q,d2) has 
an open orbit in SpRep(Q,d2) (see Lemma fl .26b . So we can describe explicitly the generators of the algebra 
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SpSI(Q,d2) and we note that they are determinants or pfaffians. At that point we know the generators of the 
algebras on the right hand side of <P C / and i ¥ c j. Now, using the fact that these are determinants or pfaffians, we 
prove that they actually are in SpSI(Q,d) and that the embeddings 4> f / and Wj are isomorphisms. 
We will consider case by case the semi-invariants corresponding to each admissible arc [i,j] for AJ, (for the 
other symmetric quivers of tame type see section 3.2.1 in [2|). To simplify the notation we shall call a both the 
arrow a 6 Q\ and the linear map V (a) defined on a, where V is a representation of Q. 

We have at most two C + -orbits A and A' of the dimension vectors of nonhomogeneous simple regular represen- 
tation. We assume n > 2 and we consider the C + -orbit 

\e\ = 8ei,e2, ...,ei ,ei , , — 8ei ,,8e i , ...,Se2r- 

7 1.' 2 7. 

Let [ij] G gf(d). If we consider the arc [1,1] of index 0, i.e. p\ =0,p2 =£0,...,pi . ^ 0, we have the minimal 
projective resolution of V/q n 

/(CD 

y (o,i) 



where d nijn = cr(vi) • • • a(v i )v i ■••v\ and so 



C V (W=det(Hom Q (d^ 1) ,-))=det(o(v 1 )---o(vi)vi---Vi) 

in the orthogonal case and pf <° ■') = pf{a{v\ )■■■ (X(v i)vi ■ ■ ■ vi) in the symplectic case, since by definition of 

i i 
symplectic representation 

c(vi) • • • d(v; )v/ ■••Vi is skew-symmetric . If we consider the arc [2,(7/(2)] = [2,0] of index 0, i.e. Pa/12) — 
— P2,Pi 7^ 0, then we have the minimal projective resolution of Vn.o) 

/(i,o) 

0^Pa(a 0) =>*•«,— ►V (lj0) —>0 

where dj^ — o(u\) ■ ■ ■ a{uk)buk • • • w i and so 

c ( L °) = det(HomQ(dJ- n °\-)) = det{o{u\)--- o(iik)bUk ■■■u\) 

in the symplectic case and pf 0-fi) = pf(o(ui)---o(uk)bUk •■■Ui) in the orthogonal case, since b is skew- 

symmetric and c(m,) = —(«»)'• We note that for / = 2 we have only the admissible arcs [1, 1] an [2,(7/(2)]. We 
assume now that / > 4 (/ is even) and [i,j] is not an admissible arc considered above. If 1 < j < i— 1 < /, then 
we identify [i,j] with the path Vj— i • • -V/ in Q and we have the minimal projective resolution of Ef-ij 

t 



\ P " ""'" \ p l p. , . \ 



where d^ in ' J = v,_i • • • vy and so 



c^-ij = det{Hom Q {d^' ', •)) = d<* (vj_i • • • v,-). 
We note that 

c t-V£j_ij = c £a ;(j )-i.<T ; (o = det{a{ Vj ) ■ ■ ■ a{vi-i)) = det{ Vi _i ■ ■ -Vj) = c^- 1 -'. 



,.•£,- 



Moreover, if y = (7/(/) then, only in the symplectic case, we get pf{o(vi) ■ ■ ■ v,) = pf '- 1 > a i& since cr(v,-) ■ ■ ■ v,- 
is skew-symmetric. Now we consider the arcs [i,j] which have e\ as internal vertex or as first vertex. For these 
arcs, 1 < i — 1 < j < I and we have the minimal projective resolution of £/-ij 
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£,_!j / a{u\)---b---u\ ff(vi)---v/ \ , 
where d ml „ = I n ] and so 

v'i-i ■ ■ ■ v'i J 

c - Uj =det(Hom Q (d min J ,-))=detl a ( n y.. v . 

In particular we note that if 2 = <T/(j), in the orthogonal case, we get 

p f E °lU)-U = pf ( *(«l)-*-«l Vi-l-Vl 
P/ P/ \, ff(vi)-ff(v,-l) 

since Z? is skew-symmetric, ff(v,) = — (v,-) f and o(tii) — — (»*)'• Finally we note that Vm i)> Ej_ la/ ^ satisfy (<9/?J 
and V(i.o), E ai n\_\ ,• satisfy property (Spp). Similarly we define the semi-invariants for the admissible arcs [/, _/'] 

in jz?'(d), exchanging the upper paths of AJ, with the lower ones. 

We prove the second step of proof of Theorem l3.12l We note that if [i, j] is admissible then the semi-invariants 
associated to [i, j] define a nonzero element of SpSI(Q, d) (respectively of OSI(Q, d)). 
For a symmetric dimension vector d we denote 

S P r(Q,d) = { X e z2o u iz2« | SpSI(Q, d) x ^0} (34) 

and 

OY(Q, d) = {% e lP a U l -lP° I OSI(Q, d) x ^0} (35) 

the semigroup of weights of symplectic (respectively orthogonal) semi-invariants. We note that d34b and ( |35| ) 
involve also jZ@° because in SpSI(Q,d) and in OSI(Q,d) also pfaffians can appear. To simplify the notation, 
we shall call X[ij]> Xu ,i an d Xu i be respectively the weights of the semi-invariants associated to admissible arcs 
[i,j] respectively from £/(d), stf'(d) and £/"(d). In the next the following proposition will be useful. We will 
state it only for A, because for A' and A" the statements are similar. Let d be a regular symmetric dimension 
vector with decomposition d = ph + d' with p > 1. 

Proposition 3.36. Let (Q,<J) be a symmetric quiver of tame type. Let d 2 be of type 6\ SOl i s \\, eiwi + Se\ st \ or 

e {'2k-°l('2k-l)} ~^ e [hk-i,ot{hk)]' 
(i) Ifd 2 = e[ s . ai{s )], then 

(a) For every arc [i, j] of A' and A" we have x'^jj \ SU p P (d 2 ) > X[ij] \supp(d 2 ) e S P r (Qi d 2) (respectively in OT(Q, d 2 )). 

(b) For every arc [i,j] of A that doesn't intersect [s, <Ji(s)] or contains [s+ l,0/(i) — 1] we have %u j\\supp{dn) £ 
SpT(Q,d 2 ) (respectively in OT(Q,d 2 )). 

(c) Let p\,...,p r be the weights of generators of the polynomial algebra SpSI(Q, d 2 ) (respectively OSI(Q, d 2 )). 
Then r>n' — s, where n' £ I + U/g is either a Oi-fixed vertex or the extremal vertex of a <J[-fixed edge, and 
Pl,...,p r can be reordered such that p\ = X\ss-\\i ■ ■ ■ >Pn'-s = X[n'+l n'] and for every m > n' — s we have 
(p mi e„) =0forn = s,...,n'. 

(ii) Let d 2 = ei st -\ + SeuA, then 

(a) Foreveryarc [i,j] ofA'andA"wehavex[ ij][ \ SU pp(d 2 )^X[i.j}\mpp(d 2 ) ^SpT(Q,d 2 ) (respectively in OT(Q,d 2 )). 

(b) For every symmetric arc [i,j] of A that doesn't intersect [s,t]U[<Jj(t),(Ji(s)] or contains [s +l,(J[(s +1)] 
or [Oi(t - l),f - 1], we have X[i.j] \supp(d 2 ) e SpT(Q,d 2 ) (respectively in OT(Q,d 2 )). 

(c) For every arc [i,j] C /+ (respectively [i,j] C I-) that doesn't intersect [s,t] (respectively [<Ji(t),<Jj(s)]) or 
contains [s + l,f — 1] we have X[i,j\\supp(d 2 ) e SpT(Q,d 2 ) (respectively in OT(Q,d 2 )). 
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(d) Let p\,...,p r be the weights of generators of the polynomial algebra SpSI(Q, d 2 ) {respectively OSI(Q, d 2 )). 
Then r > t — s and p\,...,p r can be reordered such that p\ = X\ss-lh ■ ■ ■ tPt—s = X\t+l t] and for every 
m>t — s we have (p m ,e„) = for n = s,...,t. 

(Hi) Let d2 — e\: i ,, ,1+er;,. , ,■ ,. ,i, then 

(a) For every arc [i, j) of A' and A" we have %\.^ \ sup p(d 2 ) . X" it j\ \supp(d 2 ) e S P r (Q> <fe) (respectively in OT(Q,d 2 )). 

(b) For every arc [i,j] of A that doesn't intersect [izk-liGlihk—l)] or contains [J2ife-l + 1 , C7/(/2i— l ) — 1] we 
have X[i,j]\.mpp(d 2 ) e SpT(Q,d 2 ) (respectively in OT(Q,d 2 )). 

(c) Let p\,...,p r be the weights of generators of the polynomial algebra SpSI(Q, d 2 ) (respectively OSI(Q, d 2 )). 
Then r>n'~ s, where n' G I + UIg is either a Oi-fixed vertex or the extremal vertex of a <Jj-fixed edge, and 
pl,...,p r can be reordered such that p\ = X\ss-ih ■ ■ ■ iPn'-s = X\n'+in'] and for every m> nl —s we have 
(pm,e n ) =Oforn = s,...,n'. 

Proof It proceeds type by type analysis. We prove only the symplectic case for Q — A^ and for d 2 — et s _ a / s \\, 
because the procedure to prove all other cases is similar. We order the vertices of A k \ such that the only source 
is 1 (so the only sink is d(l)), /zv,_i = i for every i G {2, ..., i + 1}, huj = l+i+l for every i G {1, . . . , |} 
and then the respective conjugates by a of these. We shall call wni\. ufy , where t ', . . . ,t? G Z U ^Z and 

{i'i, . . . , if} is an ordered subset of {1,..., | + § + l,o(j + § + 1) = - + § +2,. . . ,ff(l) =l+k+ 1}, the vector 
such that 

= / (t% y = ij,Vj = l,...,f 

otherwise. 



f (t- 
^i), 1 ,...,(r/), / W = | 



Moreover we can associate in bijective way the vertex / G {2, . . . , j } c (A^ ) J to i G /+, the vertex j + i + 1 of 

A\'l to i + 1 G /+ and the vertex j + 1 to | + 1 G /g. 

(a) We have 

X' M =W(l) l + J-l) l+ . for 1< J <*-l<*+l, 

if [ij] has not e\ as internal vertex; 

47] = w ( i ) 1 .(-i), + ,,(D/ +; ,(-iW) for i <»<j-i <*+i 

if [i,j] has e\ as internal vertex and in particular if j = <7/(/) we have 

4y] =w (^)i,(-ih + ,a) CT( / +ir (4w 

Now if (x[ u] ,e [s , ai (,.)]) ^ then x' {iJ] £ SpSI(Q,d 2 ), but we note that (Z[' ; , /] ,e[ i ,a / (.v)]) = for every i and /, so 
we have (a). 

(b) We have 

^i =w (i)j,H) i for l <J<i~ l <i and X[cm= w {\uA)a (l) 

if [j, j] has not e\ as internal vertex or as first vertex; 

X[i,j] = w (i)i,(-i)„(i),,(-i) a(1 , for 1 < »-K 7 < /■ 

if [i, j] has ei as internal vertex or as first vertex. 

Now we note that (X[i,jh e [s,oi{s)\) ^ if [',./] n[s,f] ^ and [/, j] ^ [j — 1,ct(j+1) = o{s)- 1], so we have (b). 

(c) First we note that we can choose symmetric arcs of each length from a fixed vertex of A, because the 
result of Theorem 13. 121 is invariant respect to the Coxeter transformation T + . The generators of SpSI(Q,d 2 ) 
associated to A(d 2 ) are c Ej —det(yi) of weight X[ij+i] — w (i ),-,(- 1),- i for every i£ {1,...,,$— 1} and c 1 - 1 >"ii') = 
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det ( alv])---a{^) "' ^ ) ° f weight *['•<*«] = v "( 1 )i.(-i) I ,(i) CT ( S ),(-i) CT( i)' So we cal1 # = ZftH-i] for 
every / G {1, ... ,5 — 1} and p n /_ s = X[j<t/(s)]' where in this case n' = j + 1. The other generators are associated 
to A'(<f2) and so, as done in the part (a) of this proposition, their weight p„„ for m € {«' — 5+ 1, . . . , /*}, are such 
that (p m ,e„) = for n e {*, . . .,«'}. D 

We assume now that d = d\+d2 where d\ — ph+d\ with/5 > 1 anddj =e\ sai t s \\, er st ] + 8e st ] orer,- ,• i4 

er, ,- l. So we take the corresponding arc in a chosen position (for which we proved proposition [3T56j». 

Proposition 3.37. Let d,d\,d2be as above. We suppose that the semigroup SpT(Q, d\ ) (respectively OF(Q, d\ )) 
is generated by the weights Zlijh Zu ,]> Zu ,-i f or admissible arcs [i, j] of the labelled polygons A(d\ ), A' (di ), 
A"(d\). Then SpT(Q,d\) nSpT(Q,d2) (respectively OT(Q,di) C\OT(Q,d2)) is generated by the weights X[i,j]> 
X'y n> Xy 1 f or admissible arcs [i,j] of the labelled polygons A(d), A'(d), A"(d). 

Proof. We prove it only for the othogonal case and for di — e\ s(Sl i s \\, because for the symplectic case e the other 
types of d2, the proof is similar. 
We are two cases. 

(1) Assume p s+ i = p a ,(s)-i <r—l. The admissible arcs of A(di), A'{d\), A"{d\) and A(d), A'(d), A"(d) are 
the same. By Proposition 13.361 OTfO.dj) contains Z[ss-l]>-">X\0[(s)+l,0[(s)] an< ^ a ^ the other weights corre- 
sponding to the admissible arcs of A(d), A'(d) and A"(d). 

(2) Assume p s+ \ — p a[ (s)-\ =r— 1. We prove that OY(Q,d\) ^OY(Q 1 d2) is generated by x'u i for every ad- 
missible arc [i,j] of A'{d\) =A'(d), Xu n for every admissible arc [/,/'] of A"(d\) =A"(d) andXtij] for every ad- 
missible arc [i, j] of A(di) of index smaller than r — 1 or not intersecting [s, Oi(s)], i.e. X[sj-l] , ■ ■ ■ , X[oj(s)+i,oj(s)] 

and Z[ i+ l,a ; ( s )-l] =X[ S +l, S ]-\ ^Z[(j ; (.v),a ; (.v)-1]- Let 

X= I n ijX[ij)+ L "U[,j] + I n li4,JV 
[ij]e^(di) Mest'fa) [i,j]ezt"(di) 

with nij,n'ij,nij > 0, be an element of OT(Q,d\). We assume that x is a ls° m OF(Q,d2). By Proposition 
13.361 we note that all the generators of OT(Q,di) except of X\s+i,s] an d X[oi(s) aAs)-\] are a l so m OT(Q,d2)- 
Hence, if % contains neither X[s+\s] nor X[ai(s),ar(s)-i]> then J is a linear combination of desired generators. 
So we have to prove that if % contains X[s+i,s] (resp. X[ar(s),or(s)-i\) with positive coefficient, then it contains 
X[^-i],---,X[a ; ( s ),a,M-i] ( res P- Z[j+i,,],-.z'[(s(j)+i,#)])' Thus we can subtract X[s+ha,(s)-i] fmm X- 
We assume that % contains X[s+\,s\ with positive coefficient (the proof is similar for X[oi{s),a t (s)-\])- We note that 
(X[s+l sh e s) — 1 an d, by Proposition [3361 the other generators of OT(Q,d\), except Z[ss—i\> h ave zer ° product 
scalar with e s . Moreover, % G OT(Q,d2) and so, by Proposition l3.36l (z,e s ) < 0. Hence x contains X[ss-\\ with 
positive coefficient. By Proposition l3.36l it follows that (x,e s + e s -i) < 0. But (X[s+is] +Xk.s-ib e i + e s-i) = 1 
and Z\ s - 1 s-2] is the only generator of OT(Q, d\ ) with negative scalar product with e s + e s - 1 ■ Continuing in this 
way, we check that % contains X[s+i,s],X[ s .s-i},- ■ ■ ,X[a I (s)+i,a,(s)},X[a I ( s ).a I ( s )-i] with positive coefficients. So we 
can subtract Z[s+1.<ji(s)-1] fr° m X an d continue. In this way we complete the proof. □ 

Now we can finish the proof of Theorem [3. 121 Since Theorem l3.12l is equivalent to Theorems ll.23l and l 1.241 
for tame type and regular dimension vectors, then, in this way, we finish also the proof of theorems 11.231 and 

133} 

Again we consider the embeddings 

SpSI(Q,d)^i SpSI(Q,di) xUi ®SpSI(Q,d 2 ) xUi (36) 

Xechar(Sp(QM)) 

and 

OSI(Q,d)^4 OSI(Q,di) xUi ®OSI(Q,<h) xUi (37) 

Xechar(0(Q,d)) 
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where Q, d, d\ and d% are as above. The semigroup of weights of the right hand side of 4^ and Wj are 
respectively SpT{Q,di)r\SpT{Q,d 2 ) and Or(Q,d l )nOr(Q,d 2 ). These are generated by % M , x[ Lj] , x[lj] for 
admissible arcs [i,j] of the labelled polygons A(d), A'(d), A"(d), by proposition [337] So the algebras on the 
right hand side of 4\/ and ^d are generated by the semi-invariants of weights X[tjh Xu /i> X\[ ,1 ar, d by the semi- 
invariants of weights (h,-) (or l(h, •)). 

Finally, we note that the embeddings <J>^ and ^ are isomorphisms because they are also isomorphisms in the 
weight (h, ■} (or i (h, •)) and so we completed the proof of Theorem l3.12l Moreover, in that way, we also proved 
Proposition 13. Ill expliciting the semi-invariants of type c v for every admissible arc [i,j], and the following 
theorem 

Theorem 3.38. Let (Q, <j) be a symmetric quiver of tame type and let d be a regular symmetric dimension 
vector. We consider decomposition M4\ with p > 1 and d! ^ 0. There exist isomorphisms of algebras 

SpSI{Q,d)^i SpSI{Qi P h) x ®SpSI{Q 1 d') x , (38) 

Xechar(Sp(Q,d)) 

and 

OSI{Q,d)^ OSI(Q,ph) x ®OSI(Q,d') x ,, (39) 

%echar(0(Q,d)) 

where %' — x\d'> '- e - me restriction of the weight X to the support ofd'. 
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